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A hybrid integrator-gain system (HIGS) is a control element that switches between an integrator and a gain.
This overcomes some inherent limitations of linear controllers. In this paper, we consider using discrete-time
HIGS controllers for the digital control of negative imaginary (NI) systems. We show that discrete-time HIGS are
step-advanced negative imaginary systems. For a minimal linear NI system, an asymptotically stabilizing HIGS
controller always exists. A hardware experiment was carried out in which a flexure-guided nanopositioner, as
an example of a linear NI system, was effectively damped using the proposed discrete-time HIGS method.

1. Introduction

Hybrid integrator-gain systems (HIGS) are hybrid control elements,
introduced in Deenen et al. (2017), to overcome fundamental limita-
tions of linear time-invariant (LTI) control systems (Freudenberg et al.,
2000; Middleton, 1991). A HIGS switches between an integrator mode
and a gain mode so that a certain sector constraint is satisfied. To be
specific, a HIGS is primarily designed to operate as an integrator, and
it switches to the gain mode when its integrator dynamics are about
to violate the sector constraint. The describing function of a HIGS has
a phase lag of only 38.15 degrees, which is much smaller than the 90
degree phase lag of an integrator. Reset elements including the Clegg
integrator (Clegg, 1958) and first-order reset element (Chait & Hol-
lot, 2002; Horowitz & Rosenbaum, 1975) also have such advantages.
However, they generate discontinuous control signals, which may cause
chattering and degrade the system performance (Bartolini, 1989), while
the HIGS generates continuous control signals. HIGS controllers have
attracted attention since their introduction (e.g., see Deenen et al.
(2021), Van den Eijnden et al. (2020, 2023), Heemels and Tanwani
(2023), Van Den Eijnden et al. (2021), Dinther et al. (2021)) and
have found applications in wafer scanners (Heertjes et al., 2023) and
atomic force microscopy (Shi et al., 2022), where the latter work was
motivated by the negative imaginary property of HIGS.

Dissipative mechanical systems that feature collocated and compat-
ible force actuators along with position sensors typically demonstrate
the negative imaginary (NI) property (Ghallab et al., 2018; Lanzon &
Petersen, 2008). Since introduced in Lanzon and Petersen (2008), NI
systems theory has attracted significant attention; e.g., see Bhowmick
and Patra (2017), Mabrok et al. (2014), Xiong et al. (2010). Motivated
by the robust control of flexible structures (Halim & Moheimani, 2001;
Pota et al., 2002; Preumont, 2018), which have highly resonant dynam-
ics, NI systems theory uses positive position feedback control. Roughly
speaking, a square real-rational proper transfer function matrix G(s)
is said to be NI if it has no poles on the open right half-plane and
for all frequencies @ > 0, its frequency response satisfies j(G(jw) —
G(jw)*) > 0. The Nyquist plot of a single-input single-output (SISO) NI
system is contained in the lower half of the complex plane. Under mild
assumptions, an NI system G(s) can be asymptotically stabilized using
a strictly negative imaginary (SNI) system G,(s) in positive feedback
if and only if all the eigenvalues of the DC loop gain matrix are less
than unity; i.e., 4,,,,(G(0)G,(0)) < 1. Compared with passivity theory,
which can only deal with systems having a relative degree of zero and
one (Brogliato et al., 2007), NI systems theory can deal with systems
having a relative degree of zero, one or two (Shi et al., 2024d).
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NI systems theory was extended to nonlinear systems in Ghallab
et al. (2018), Shi et al. (2023, 2021) via the notion of counterclockwise
dynamics (Angeli, 2006). Roughly speaking, a system is said to be
nonlinear NI if it is dissipative (Brogliato et al., 2007) with the supply
rate u”y. Here, u and y are the input and output of the system,
respectively. Under some assumptions, a nonlinear NI system can be
stabilized using another nonlinear NI system with a certain strictness
property; e.g., output strictly negative imaginary systems (Shi et al.,
2023), or weakly strictly negative imaginary systems (Ghallab et al,,
2018). NI systems theory has been applied in many fields including
nano-positioning control (Das et al., 2014a, 2015; Mabrok et al., 2013),
the control of lightly damped structures (Bhikkaji et al., 2011; Cai &
Hagen, 2010), and the control of power systems (Chen et al., 2024a,
2024b).

The nonlinear NI property of a HIGS element is shown in Shi et al.
(2022). Also, it can be used as a controller to stabilize a linear NI
system. Motivated by the effectiveness of HIGS in the control of NI
systems, the paper (Shi et al., 2024b) showed the nonlinear NI property
of two variants of HIGS, including the multi-HIGS (see also Achten
(2020) for a discussion of the multi-HIGS), and the cascade of two HIGS
elements. It was also proved in Shi et al. (2024b) that these two variants
of HIGS controllers can be used in stabilizing linear NI systems. This
HIGS-based control methodology was then experimentally applied to
control a MEMS nanopositioner (Shi et al., 2024b).

However, while the stability theory in Shi et al. (2024b) considers
continuous-time systems, the experiment involves sampling of the plant
outputs and discretization of the controller due to the use of a digital
computer (Astrém & Wittenmark, 2013). Indeed, in digital control,
the continuous-time plant is usually discretized using zero-order hold
(ZOH) sampling. The plant outputs are sampled periodically, and the
corresponding control inputs are fed back to the plant. The control
inputs are held constant between sampling instants. This requires the
controller to be a discrete-time system. Therefore, even if the controller
is designed in continuous time, it has to be discretized when applied to
the plant via a digital controller. The difference between the designed
continuous-time controller and the practically implemented discrete-
time controller requires the sampling frequency to be sufficiently large
to ensure stability (see Nesi¢ et al. (1999) and the references therein for
a discussion of the continuous-time design (CTD) method). Such a high
sampling frequency may sometimes be unattainable if it exceeds the
capability of available control devices. Therefore, we seek to directly
design a discrete-time controller.

A discrete-time NI property was introduced in Shi et al. (2024c). It
is shown in Shi et al. (2024c) that using this discrete-time NI property,
the NI property of a continuous-time NI system is preserved under ZOH
sampling. Following Shi et al. (2024c¢), a discrete-time system is NI if
there exists a storage function V' (x) such that V(x) is positive definite
and V (xy,)—-V(x;) < uZ'(yk+l —yi), where x, u and y are the state, input
and output of the system, respectively, and the subscripts k and & + 1
denote time steps. Considering the storage function as an energy-like
function, the above dissipativity inequality corresponds to the work-
energy balance relation for a mechanical system: when a constant
force is applied to the system, the change in energy over a given time
period is not greater than the work done on the system by the applied
force. The preservation of the NI property under ZOH sampling can
be regarded as an advantage of NI systems theory over passivity or
positive real (PR) systems theory, as passivity or positive realness is
not preserved under ZOH sampling; see e.g., Brogliato et al. (2007).
Note that in Ferrante et al. (2017), a different discrete-time NI property
is introduced in a similar fashion as discrete-time passivity (Byrnes &
Lin, 1994) and discrete-time positive realness (Hitz & Anderson, 1969).
The discrete-time NI property described in Ferrante et al. (2017) can
be obtained by applying a bilinear transformation to a continuous-time
linear NI system and, hence, does not arise directly in ZOH-sampled NI
systems.

A feedback control framework for discrete-time NI systems is given
in Shi et al. (2024c). It is shown that the closed-loop interconnection
of a discrete-time NI system and a so-called step-advanced negative
imaginary (SANI) system is asymptotically stable, as long as either of
the systems has some strictness property. Such a digital control frame-
work has motivated the introduction of a linear control system called
the discrete-time integral resonant controller in Shi et al. (2024a),
for NI plants. In this paper, we consider applying a discrete-time
HIGS (Sharif et al., 2022) in such a digital control framework to harness
the advantages of HIGS over linear control systems. A discrete-time
HIGS has a working mechanism similar to the continuous-time HIGS.
We show that a discrete-time HIGS is an SANI system. Furthermore, we
establish the following stability result: for any discrete-time NI system:
there exists a discrete-time HIGS controller such that their closed-loop
interconnection is asymptotically stable.

The NI property and stability results for the HIGS motivate applica-
tions for controlling flexible structures with collocated force actuators
and position sensors, such as nanopositioning systems. In Shi et al.
(2024b), a two-input two-output multi-HIGS controller with positive
feedback was implemented on a 2-DOF MEMS nanopositioner. The
continuous-time multi-HIGS element was digitally implemented in a
dSPACE rapid prototyping system with a sampling rate of 80 kHz. This
experiment required discretizing the HIGS controller, an inevitable step
when using a digital controller. The plant outputs were periodically
sampled and fed back to the discretized HIGS controller, with the
corresponding control inputs applied to the plant. Here, the plant inputs
were held constant between sampling instants.

Maintaining stability in digital controller implementation heavily
depends on the choice of step size. A step size that is too large may
lead to instability, while one that is too small may exceed the hardware
and computational capability. Also, if the time step is too small, the
processing unit may not have adequate time to complete calculations
for each step. To avoid degrading system performance, giving the
controller adequate processing time within the system’s bandwidth
constraints is essential.

Additionally, the sampling rate must be large enough for the dis-
cretized HIGS controller to represent the designed continuous-time
HIGS element accurately. For high-bandwidth nanopositioning systems,
minimizing the discrepancy between the designed continuous-time con-
troller and the implemented discrete-time controller necessitates a
sufficiently high sampling rate to ensure stability (Nesi¢ et al., 1999),
which might not be achievable due to hardware limitations. This
motivates the approach presented in this paper to directly design a
discrete-time controller.

Motivated by the proposed theoretical results, we apply the discrete-
time HIGS based digital control methodology to a high-speed, high-
bandwidth nanopositioner. We deployed the HIGS controller within a
National Instruments PXIe-7975R FlexRIO module. The digital data was
obtained, and the discrete-time controller was operated using an NI-
5782 adapter module, which features a 250 MHz clock and allows for
a sampling rate of 1.25 MHz.

Compared to the methodology used in Shi et al. (2024b), where
the continuous-time HIGS was discretized and implemented, using a
discrete-time HIGS has the following two advantages: (i) It can sig-
nificantly simplify the control design process. We directly construct a
discrete-time controller for the discretized plant, while the method-
ology used in Shi et al. (2024b) requires further discretization for
the continuous-time controller. This can help decrease time delay and
save computational resources. (ii) As we conduct the stability analysis
directly in discrete time, the stability result is more rigorous and does
not rely on a high sampling rate.

The rest of the paper is organized as follows. Section 2 provides
preliminary definitions and lemmas for discrete-time NI systems that
are introduced in Shi et al. (2024c). Section 2 also provides the state-
space model of a discrete-time HIGS. Section 3 contains the theoretical
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results of this paper, where we establish the NI property of the discrete-
time HIGS. We also show that given a linear discrete-time NI plant,
there always exists a HIGS controller that can stabilize the system.
In Section 4, we apply the proposed digital control methodology to
the nanopositioning system. Also presented in Section 4 are the ex-
perimental setup, the frequency response of the nanopositioner, the
discrete-time HIGS controller implementation, and the experimental
results. Section 5 concludes the paper and discusses potential future
work. A preliminary version of this article can be found in the confer-
ence paper (Shi & Petersen, 2024). In comparison with the preliminary
version (Shi & Petersen, 2024), the present paper applies the proposed
HIGS control methodology in a hardware experiment to control a
high-speed flexure-guided nanopositioner. Also, the introduction of the
present article includes a more detailed explanation of the problem
addressed and the contributions of our results.

Notation: The notation in this paper is standard. R denotes the field of
real numbers. N denotes the set of nonnegative integers. R™" denotes
the space of real matrices of dimension mxn. A” denotes the transpose
of a matrix A. A~7 denotes the transpose of the inverse of A; that is,
AT = (A™HT = (AT)"L. For a real symmetric or complex Hermitian
matrix P, P > 0 (P > 0) denotes the positive (semi-)definiteness of the
matrix P and P < 0 (P < 0) denotes the negative (semi-)definiteness
of the matrix P. A function V : R" — R is said to be positive definite
if ¥(0) = 0 and V(x) > O for all x # 0. 4,,,(4) denotes the largest
eigenvalue of a matrix A with real spectrum.

2. Preliminaries

In this section, we provide some preliminary results on discrete-time
NI systems and discrete-time HIGS.

2.1. Discrete-time NI systems

Consider the system
Xpg1 = S ), (1a)
Vi = h(xy), (1b)
where f : R" xR? - R" and h : R" — R’. Here u;,y, € R” and

x; € R" are the input, output and state of the system at time step k € N,
respectively.

Definition 1 (Shi et al, 2024c). The system (1) is said to be a discrete-
time negative imaginary (NI) system if there exists a positive definite
function ¥ : R” — R such that for arbitrary x, and u,,

V(xis1) = V) S g (Vi1 = 2e) s @
for all k.
We provide necessary and sufficient linear matrix inequality (LMI)

conditions under which Definition 1 is satisfied by a linear system of
the form

X X1 = Axk + Buk, (33)
Yi = Cxy, (3b)

where x;, € R", u,y, € R? are the system state, input and output,
respectively.

Lemma 1 (Shi et al, 2024c). Suppose the linear system (3) satisfies
det(I — A) # 0. Then the system (3) is NI with a positive definite quadratic
storage function satisfying (2) if and only if there exists a real matrix
P = PT > 0 such that

ATPA-P<0 and c=BT"u-47TP.

We now present the definition of SANI systems. Consider the system

;k+l = f’(;k.?"k), (4a)
T = iy, (4b)

where f : R" XR? - R"and h : R" — RP. Here &, € R? and
X € R" are the input, output and state of the system at time step k € N,
respectively.

Definition 2 (Shi et al, 2024c). The system (4) is said to be a step-
advanced negative imaginary (SANI) system if there exists a function
h(x;) such that:

L. hGy ) = h(F G @) _
2. there exists a positive definite function ¥ : R" - R such that for
arbitrary state X, and input %,

V&) - VE) <" (7:('5,,“) - ﬁ('i,,))
for all k.

Remark 1. Definition 2 can be regarded as a variant of Definition 1
in a way such that the system output takes one step advance. To be
specific, suppose the system (1) is NI as per Definition 1. Then a system
with the same state Eq. (1a) and an output equation ¥, = h(x;,;) =
h(f(xy,uy)) is SANIL Note this system is causal, given that A(f(x;,u))
depends only on the system variables of the current step.

2.2. Discrete-time hybrid integrator-gain systems

Discrete-time HIGS were introduced in Sharif et al. (2022). We
adapt the model in Sharif et al. (2022) to fit the system model (1) in
the following.

xp(k + 1) = x,(k) + wpe(k), if (x,(k),e(k)) € F
H i dxp(k + 1) = kpe(k), if (x,(k), e(k)) & F ®
yu(k) = xp(k + 1).

Here, e(k),x,(k),y,(k) € R are the system input, state and output,
respectively. The constant parameters w;, > 0 and k; > 0 are called
the integrator frequency and the gain value, respectively. The HIGS is
designed to operate under the sector constraint (x,(k), e(k)) € F, where
F is given by

F ={(x;(k), e(k)) € R? |
(xp (k) + wpe(k))e(k) > i(xh(m + wpe(k))*}. (6)

At time step k, if (x,(k),e(k)) € F, then (e(k),y,(k)) is contained in
the sector [0,k,]. The HIGS is designed to operate primarily in the
integrator mode if the input e(k) results in an output y,(k) within
the sector [0, k,] under the integrator mode dynamics. Otherwise, the
system operates in the gain mode so that y, (k) = k,e(k), which automat-
ically satisfies the sector constraint [0, k;]. According to (5), regardless
of the initial condition x,(0), the discrete-time HIGS will remain in the
sector given in 7 from the time step k = 1. In what follows, we denote
e(k), x,(k) and yj (k) by e, X, and y, respectively for convenience. Note
that the parameter w,, in the present paper corresponds to the product
@, T, in Sharif et al. (2022), where w,, is the integrator frequency of
the corresponding continuous-time integrator and T, is the sampling
period. Since we only consider the discrete-time case in the present
paper, we regard w,, as the discrete-time integrator frequency.

3. Stability of NI systems under discrete-time HIGS control

In this section, we show that a discrete-time HIGS is an SANI system
according to Definition 2. Additionally, we show that for a discrete-
time linear NI system, there exists a discrete-time HIGS such that
their closed-loop interconnection is asymptotically stable. Sufficient
conditions on the HIGS parameters are also given.
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3.1. SANI property of the HIGS

We show in the following that the HIGS given in (5) is an SANI
system.

Theorem 1. The system given in (5) is an SANI system with the storage
function

TG = 5% %
h

satisfying

l7(§k+l) - i;('fk) < ek(?“k“ - ;k)v (8)

for any input e, and state X,.

Proof. According to Definition 2 and Remark 1, the HIGS is an SANI
system if it is NI from the input ¢, to the state X,. Hence, we prove
in the following that (8) is satisfied in both integrator mode and gain
mode. Substituting (7) into (8) yields

1 » 1
2k, k1 T 2k,
which is required to be satisfied in both modes.
Case 1. In the integrator mode, we have the state equation X,,, =
X + wpue, and also (X, ;) € F. In this case, (9) becomes

fi < e (Xps1 — Xp)s 9

2%, e, < 2k — wp)el, (10)

which is always satisfied when ¢, = 0. When ¢, # 0, (10) can be
rewritten as
%
2— 52kh—wh. (11)
€k
The condition (X, ¢,) € F implies

'fi + Qawy, — kp)Xpey + (@) — khwh)ei <o.

This implies that for ¢, # 0,

~ N2 -~
("—") +Qop - k) + (@2 — kywp) <0, a2
e e
By solving (12), we have that operating in the integrator mode requires
the HIGS input ¢, and state X, to satisfy

X
-y < — Skh - Wp.
€k
Such a pair of X} and ¢, always satisfies (11).
Case 2. In the gain mode, we have that X, = ke, and (X, e;) & F.
In this case, (9) becomes

X7 - 2kyXyey + kel >0,

which always holds because
X = 2kpXpey + kner = (3 — kye)® > 0.

Since condition (8) is satisfied in both modes, we may conclude that
the system (5) is an SANI system. |

3.2. Stability for the interconnection of a linear NI system and a HIGS

Motivated by the SANI property of the HIGS, we investigate whether
a HIGS controller can be applied to control a minimal SISO linear
NI system. Consider a SISO system of the form (3) with u,y, € R,
which has a transfer function G(z). We show in the following that
if the system X in (3) is NI, then there exists a HIGS controller
such that the positive feedback interconnection of X and #, shown in
Fig. 1, is asymptotically stable. The setting of the interconnection can
be described as follows:

€ = Vis

Uy Yk

G(2)

HIGS ‘H

Fig. 1. Closed-loop interconnection of the system (3) with the transfer function G(z)
and the HIGS M given in (5).

U = Y-

This means the HIGS H takes the output of the system X as its input
and feeds back its output to the system X as its input.

Theorem 2. Suppose the SISO minimal system (3) with transfer function
G(z) is NI and satisfies det(I — A) # 0. Also, suppose the HIGS H of the
1

form (5) satisfies 0 < w;, < kj, < 0 Then, the closed-loop interconnection

of G(z) and H as shown in Fig. 1 is asymptotically stable.

Proof. By Lemma 1, the minimal system (3) is NI if and only if there
exists a matrix P = PT > 0 such that

ATPA-P<0, and C=BTU-A)TP.

We construct the following Lyapunov function for the closed-loop
interconnection:
W (x, %) = V() + V(&) — Cx, %,
1 | ~
= Ex{ka + mxz = CxpXy.

Rewriting this as a quadratic form, we have that
~ 1 o~ P -CT X
W% == [xI % 1 .
ke Xk 2 [ k k] -C H Xk

Using the Schur complement theorem, to ensure that W(x,,X) is
positive definite, we need

L _cpicTso. a3)
kp

Since C = BT (I — A)"T P, then (13) can be rewritten as
1 CI-A"'B>0,
kp

which is satisfied because G(1) = C(J — A)"'B and
k,G(1) < 1. 14)

Note that G(1) # 0 according to the positive definiteness of P and
the fact that C is not a zero row vector, which is guaranteed by the
minimality of the system. We use Lyapunov’s direct method (Kalman
& Bertram, 1960) in the following. Taking the difference between
W(xk+1’;k+l) and W(xk,;k), we have
W (X410 Xp1) = W0xg, Xp)

= V(xp41) + V(Ep1) = CxpaXpg1 = V) = V(E) + Cx, %

S w1 = Y1) + e Kpgy — X)) = Cxpyy Xy + Cxp X

= X1 (epqr — €x) + e Kpqr — X)) — g1 Xpyr + €%

=0, (15)
where the inequality also uses the NI properties of the plant G(z) and
the HIGS controller #. This implies that the system is Lyapunov stable.

Furthermore, according to (15), W (xy1, Xx41) — W (i, X;) = 0 only if
the following equations hold:

V(xg1) = V(xp) = up (Vi1 — Wi (16)
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VE ) = VE) = ¢,Fpyy — X0)- a7

We prove in the following that (16) and (17) cannot hold together at
all time indices k unless (x;, X;) = (0,0). We consider the case that (16)
and (17) hold for some index k and all future indices k + 1, k + 2, --.
When (17) holds, we have that

1w _ 1
2, Xt 2, X
We consider the following two cases, where the HIGS is assumed to
work in the integrator mode and the gain mode, respectively.

Case 1. Integrator mode. In this case, (X;,¢,) € F and

= ek(;/“,l - ;k)' (18)

:{k+l = ‘X“k +a),,ek. (19)
Substituting (19) in (18) yields
(@, — 2kp)ef + 2% e; = 0. (20)

Case 1a. Suppose ¢, # 0. Then we have X, = (k; — %h)ek, which can be
substituted in the inequality in (6) and yields

@Dp . o 1 @Dp 5 5
(kn+ )6 2 =Chy + 50}
This, after simplification, becomes
wi + 2k, <0.

Considering the fact that k, > 0 and @ > 0, the above condition can
never be satisfied. Hence, Case 1a can never happen.

Case 1b. Suppose ¢, = 0. Then (20) is always satisfied. In this case,
(Xx.ex) € F implies that X, = 0. According to (19), we have that
Xi+1 = 0 as well. The condition for (X ,;,e.;;) € F can be simplified to
be

(kp — wp)er,, = 0.

The fact that k;, — @, > 0 guarantees that the next active mode is the
integrator mode. Note that this condition is independent of the HIGS
input or state. Indeed, since Case 1a can never happen, the system will
fall in Case 1b for all future time indices k + 1, k+2, ---. Following from
a similar analysis, we have that

O=ep =€y =€ =, (21
and also
0=%, =Xy =Xy =" (22)

Since u; =y, = X, then according to (22) and (3a), we have that
Xpl = AXgy  Xppr = Axpyy = A'xp, (23)
Since ¢, = y; = Cx,, then according to (21) and (23), we have that
C
C‘_A X = 0.
CA'n—l

This implies that x, = 0 due to the observability of G(z). In this
case, (x;,x;) = (0,0). Hence, the closed-loop system is already in its
equilibrium.

Case 2. Gain mode. In this case, (X;,e;) & F, and we have that

X1 = kpey. (24)
Substituting (24) in (18), we have that

Ry — kper)? = 0.

That is

X =kpep =%y (25)
The condition (X, e;) € F implies that

(kp, + wp)el > 0.

This implies that e, # 0. We only need consider the case that the HIGS
operates in the gain mode for all future indices. This is because under
the constraints (17), if it enters the integrator mode, it will never exit
the integrator mode, according to the analysis in Case 1b. Then it falls
into Case 1. In the case that the system keeps operating in the gain
mode, following from the same derivation of (25), we have that

X1 = kperqr = Xypa- (26)

Comparing (25), (26) and similar equations for future time indices, we
have that

X =kpey =Xpqy = kg =Xpgn = kpepyn = .
That is
€ = €yl = € =0t
This implies that
Vi = Vi1 = Yrg2 = - (27)
In this case, we have that
Xy = Ax, + Buy = Ax, + By, = Ax, + BX,
= Axy + Bkye, = Ax; + k, BCx;
= (A + ky BC)x.
Similarly, we have

Xppo = (A+k,BC)xy,, = (A+k,BC)x,,

Xpno1 = (A+ky BCY" ' xy.
According to (27), we have that

Yir1 = Vi
Yir2 = Vi1 | Z

Yien = Yi4n-1
which implies
C
cA +:k,,BC) (Xgay = %) = 0. (28)
C(A+ k;,BC)”"

We use eigenvector test to prove that observability of (A, C) implies
that of (A + k;, BC,C). Suppose n # 0 is a vector in the kernel of C;
i.e., Cn = 0. Then it is not an eigenvector of A; i.e., Ay # An for all
scalars 4. Then 7 is not an eigenvector of A + k;, BC as well because
(A + k,BC)y = An + k;,BCn = An # An for all A, considering Cn = 0.
Hence, (A + k, BC,C) is observable and (28) implies that x,,, = x;.
That is, x; is an eigenvector of A + k, BC with an eigenvalue 4 = 1.
This implies that
Xjg = Xg1 = Xpg2 = 00
In this case, we also have that
X, = X, = Ax + Buy = Ax; + By, = Ax, + BX,,

= Ax; + Bke,.
This implies that
X, = k(I — A)"' Be,.
Also, we have that
e, = Cx, = k,C(I — A)"! Be,. (29)
Since we have ¢, # 0 in Case 2, then (29) implies that

ky,C(I - A 'B=1,
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Fig. 2. Flexure-guided nanopositioner and interferometer sensor.

which is
k,G(1) = 1.

This contradicts (14). To conclude, we have shown that if (16) and (17)
hold together for all future time indices, then the HIGS cannot stay in
the gain mode according to the analysis in Case 2. It will eventually
switch to the integrator mode. Then, according to the analysis in Case
1, the HIGS will stay in the integrator mode. However, we have shown
in Case 1b that this is only possible if the system is already at the
equilibrium. In other words, if the system is not at the equilibrium, then
(16) and (17) cannot hold together for all future indices, and W (x;, X;)
will eventually decrease again until the system reaches its equilibrium.
This means that the closed-loop system is asymptotically stable. [ ]

4. Experiment: High-speed flexure-guided nanopositioner

We implement a discrete-time HIGS as a controller for a high-speed
flexure-guided nanopositioning stage, which is configured as a linear
NI system.

Fig. 2 illustrates the experimental setup for the high-speed flexure-
guided nanopositioner introduced in Khodabakhshi et al. (2022). Four
piezoelectric actuators drive the nanopositioner in a bidirectional ac-
tuation setup. A PICOSCALE interferometer achieves high-precision
measurements in the X— and Y- directions. Fig. 3 presents the fre-
quency response function (FRF) of the X-axis nanopositioner, showing
the system’s behavior from actuation to the sensor output. A lightly
damped nanopositioning system with collocated and compatible force
actuators and position sensors is an NI system by its physical nature.
In Fig. 3, the fundamental resonance frequency along the X-axis is
observed at 14.86kHz. Beyond 15.01 kHz, the phase drops below —180°,
indicating a violation of the NI property as the frequency increases. This
deviation comes from the driving electronics’ bandwidth limitations
and fabrication tolerances, as well as sampling and input-output delays.
However, this phase deviation is negligible as the frequency response
rolls off. Therefore, we can still approximate the system using an NI
model up to a certain frequency. The following sections will describe
the implementation of the designed discrete-time HIGS.

4.1. Experimental setup

Fig. 4 depicts the experimental setup. The displacement of the
scanner is measured using a highly accurate optical sensor called a
Michelson interferometer. The sensor measurements are recorded as
Digital Differential Interface (DDI) signals through the PICOSCALE
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g 40 l—FRF X-axis in the open loop i
-60 1 1 1
180 T v .
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Fig. 3. Open-loop frequency response of the nanopositioner.
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Fig. 4. Experimental setup FPGA.

Breakout Box (BOB). The recorded DDI signals, formatted as Quadra-
ture (AquadB), are then fine-tuned to achieve the required resolution
in terms of step size and frequency. A quadrature decoder is then
implemented within the LabVIEW FPGA environment to convert these
signals into position values in micrometers, along with the discrete-time
HIGS.

The quadrature decoder operates using the encoder’s two phases,
Quad A and Quad B, which have an offset of 90°. The current state of
Quad B is compared with the previous state of Quad A so that the count
is adjusted accordingly. An initial reset circuit setup is necessary since
PICOSCALE tracks only relative displacement. Each count is multiplied
by a factor corresponding to the 6 nm step size, based on experimental
results showing sensor noise below 6 nm.

4.2. FPGA implementation

Our primary processor is a Kintex-7 XC7K410T FPGA within a
National Instruments PXIe-7975R FlexRIO module. It connects to a
National Instruments 5782R adapter, which is a 14-bit, four-channel
digitizer with a 500 MHz bandwidth and a 250 MS/s sampling rate.
FPGA development is done in the LabVIEW FPGA environment.

We programmed the above components within a single-cycle timed
loop (SCTL). This can optimize performance and also reduce latency. A
voltage converter adjusts the DDI output to match the adapter’s input
voltage. The decoder, operating at 250 MHz, rapidly converts digital
data to position parameters. However, due to the complexity of the
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Fig. 5. FPGA workflow of a discrete-time HIGS at 1.25 MHz sampling rate.
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Fig. 6. Discrete-time HIGS implemented in the labVIEW FPGA.

discrete-time HIGS operations, which exceed the 4 ns cycle limit, data
is transferred to a slower 5 MHz SCTL derived from the 250 MHz
oscillator (see Fig. 5). Due to the buffer latency, the effective sampling
rate is decreased to 1.25 MHz.

Fig. 6 shows the digital implementation of the discrete-time HIGS
(5) in the LabVIEW environment. Integer-type variables are used in
the high-frequency loop for faster processing, while fixed-point data
formats in the slower loop offer customizable range and resolution.
Inside the implemented discrete-time HIGS block, a new variable k) =
ki is defined as a multiplier since division is not supported within SCTL.
Observation shows that the discrete-time HIGS is more efficient than
the continuous-time version, requiring less memory and processing
power, thus reducing latency.

Theorem 2 indicates that the nanopositioner can be asymptotically
stabilized using the discrete-time HIGS (5) if the HIGS parameters
satisfy 0 < w;, < k, < 1/G(1). We tuned the controller parameters to
meet the stability condition and to obtain performance improvement as
desired. Accordingly, the parameter values w, = 0.0704 and k, = 0.490
are chosen for the discrete-time HIGS.

Fig. 7 presents the frequency response of the nanopositioning stage
when operating in the closed loop with the discrete-time HIGS. The re-
sults show that significant damping, approximately 20.4 dB, is obtained
at the resonance frequency.

We also compared the time-domain response of the open-loop and
the closed-loop system to a unit step in Fig. 8. The reason that stability
can be achieved although the plant is only NI up to 15.01 kHz is that the
magnitude of the frequency response of the nanopositioner is bounded
below a certain level when the frequency is greater than 15.01 kHz. In
this case, the stability is achieved via the small-gain theorem; see Das
et al. (2014b), Patra and Lanzon (2011) for the stability of systems
with “mixed” NI and small-gain properties. Fig. 8 also shows significant
improvements in the system performance under the control of the
discrete-time HIGS, including reduced overshoot and settling time.
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Fig. 7. Bode plot of the nanopositioning stage. With a discrete-time HIGS applied in
closed loop, the nanopositioner is efficiently damped at the resonant frequency.
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Fig. 8. Step response of the nanopositioning stage. With the discrete-time HIGS applied
in the closed loop, system performance is significantly improved in terms of overshoot,
rise time, and settling time.

5. Conclusion

We have proposed a control framework for the digital control of
linear NI systems using discrete-time HIGS controllers. Discrete-time
HIGS are shown to be SANI systems. For any linear discrete-time NI
systems obtained via ZOH sampling, there exists a HIGS controller
such that their closed-loop interconnection is asymptotically stable.
A discrete-time HIGS asymptotically stabilizes an NI system by se-
lecting appropriate parameters, motivating a hardware application to
a high-speed flexure-guided nanopositioning system. Experimental re-
sults indicate a significant damping effect of approximately 20.4dB at
the resonance frequency.
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