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Analysis of Nonlinear Phenomena in a
Thermal Micro-Actuator with a Built-In

Thermal Position Sensor
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and Mehmet Rasit Yuce, Senior Member, IEEE

Abstract— An analysis of nonlinear effects associated with a
chevron thermal micro-actuator with a built in thermal position
sensor under static conditions is presented in this paper. The
nonlinearities present in both actuator and sensor are studied.
The phenomena considered for the sensor include: thermal
coupling from actuator to sensor and temperature dependence of
electrical resistivity. Those considered for the actuator include:
non-uniform spatial distribution of temperature in arms, tem-
perature dependency of thermal expansion coefficient, deviation
of arm shape from straight line due to physical constraints, and
temperature dependence of electrical resistivity.

Index Terms— Analytical models, electrothermal position
microsensor, nonlinear analysis, thermoelectric microactuators.

I. INTRODUCTION

H IGH precision nanopositioning is a necessity in a
number of applications, including scanning tunneling

microscopy (STM) [1, 2], atomic force microscopy (AFM)
[3], nano-metrology [4], biology [5], ultrahigh density probe
storage system [6-8], and atom manipulations [9, 10]. Nanopo-
sitioning in scanning probe microscopy (SPM) is traditionally
performed by scanning stages in the form of tripods [11], tubes
[12, 13], or flexures [14-16]. These nanopositioners typically
have high positioning accuracy with a large dynamic range
and a wide bandwidth, enabling fast and robust closed-loop
position control [17]. Although macro-scale nanopositioners
such as piezoelectric actuators can achieve nanometer-scale
positioning resolution and accuracy, they are relatively large,
expensive, difficult to integrate in MEMS devices, and require
high voltage values [18, 19]. Microelectromechanical System
(MEMS) nanopositioners have attracted increasing interest
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recently due to their small size, low cost, fast dynamics and the
emergence of applications such as probe-based data storage
[20, 21]. Electrothermal MEMS actuators can provide large
forces at moderate voltage values. Hence, they have been used
in many applications, such as investigating live biological cells
[22] and linear and rotary micromotors [23-26].

Recently, incorporation of a thermal sensing scheme was
reported in a MEMS electrostatic actuator [27] and a probe-
based storage device [28, 29]. Micro-heaters were used to
measure the motion of a MEMS micro-scanner with resolution
of less than 1 nm. Also, the positions of electrothermal
actuators were precisely controlled in feedback loops by on-
chip sensors that work based on piezoresistivity [30] or thermal
variation of electrical resistivity [31]. Compared to the capac-
itive schemes, thermal actuation and sensing involve lower
actuation voltages, smaller footprint, and less complicated
circuitry and integration mechanisms [32].

Efficient design of micro actuators and sensors in MEMS
and NEMS devices can be significantly improved if reliable
models are provided in advance. As electrothermal sensing
in MEMS has been under investigation for only a few years,
few modeling work can be found in the literature. A single
beam electrothermal sensor was modeled in [33]. However,
There is a need to develop a better understanding of the
thermal coupling from actuator to sensor and the differential
sensing scheme used in the on-chip sensing [31]. MEMS-based
electrothermal actuation has been studied extensively [34,
35]. However, in most cases, small strains and displacement
are considered and the shear deformation of the beams is
assumed to be negligible. These assumptions are not applicable
in MEMS devices that undergo large displacements and are
thus nonlinear, e.g. nanopositioning stages with large dynamic
ranges.

This work considers modeling of various nonlinear effects
in a chevron thermal micro-actuator with a built in thermal
sensor. The nonlinearities are included in a step-by-step and
cumulative manner, such that the effects of all nonlinear phe-
nomena are considered simultaneously at last. The objective
of this paper is to develop simple analytical methods that
include major nonlinear phenomena affecting the actuator and
sensor under static conditions. Simulations are validated by
experimental results obtained from a MEMS nanopositioner
equipped with electrothermal actuation and sensing.
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Fig. 1. Schematic diagram of the thermal position sensor with a differential
amplifier circuit.
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Fig. 2. SEM images of the micromachined nanopositioner.

II. DESCRIPTION OF ELECTROTHERMAL

BASED NANOPOSITIONER

The conceptual schematic view of the nanopositioner is
presented in Fig. 1. The device is micro-fabricated from single-
crystal silicon using a commercial bulk silicon micromachin-
ing technology-SOIMUMP in MEMSCAP [36]. This process
has a 25 μm thick silicon device layer and a minimum
feature/gap of 2 μm. The Scanning Electron Microscope
(SEM) image of the whole device and a section of it are
provided in Fig. 2. The position sensors are two beam-shaped
resistive heaters made from the doped silicon. Application of a
fixed dc voltage across the heaters results in a current passing
through them, thereby heating the beams. As a heat sink, a
rectangular plate is placed beside the beam heaters with a
2 μm air gap. The positioner stage is actuated by a thermal
actuator, as illustrated in Fig. 2.

Before applying a voltage across the actuator, the positioner
stage is at the initial rest position (dashed box in Fig. 1),
where the two edges of the sink plate are exactly aligned
with the middle of the two thermal resistive sensors R1 and
R2. The sensors are biased by a dc voltage source Vdc,
and the heat generated in the resistive heater is conducted
through the air to the heat sink plate (positioner stage). As
the plate is centered between the two thermal sensors, the
heat fluxes out of the sensors are identical, thereby equaling
the temperature and resistance of the sensors. After applying a
voltage on the actuator beams, the positioner stage is displaced
towards left, the heat flux associated with the sensor on the
left increases, while that associated with the sensor on the
right decreases, resulting in a decrease in the resistance of
the left sensor (R1), and an increase in resistance of the
right sensor (R2). Thus, the displacement information of the
positioner stage can be detected by measuring the resistance
difference between the two sensors. The differential changes
of the resistance result in current variations in the beam
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Fig. 3. Temperature profile of resistivity for n-type silicon (no = 1020cm−3).

resistors, and the currents are converted to an output voltage
using the trans-impedance amplifiers and an instrumentation
amplifier. To suppress the common-mode noise, the gains of
these two trans-impedance amplifiers must be well matched.
Employing the differential topology allows the sensor output
to be immune from undesirable drift effects due to changes in
ambient temperature or aging effects.

III. SENSOR ANALYSIS

The objective of this section is to predict the sensor temper-
ature and resistance as a function of sensor bias and actuator
displacement. To simplify the analysis, lumped parameter
approach and constant stationary conditions are considered.
This means we assume a uniform temperature distribution in
each sensing resistor.

A. Resistivity Temperature Profile

As the sensing resistors are made from highly doped Silicon,
their resistivity is strongly dependent on their temperature.
Since the resistivity of un-doped silicon is very high, the
resistance of each sensing resistor is almost equal to that of the
highly doped layer. Let us assume that the depth of the highly
doped layer is 2μm with a uniform donor dopant concentration
of no = 1020cm−3. At room temperature (300K), the resistiv-
ity model mentioned in [33] predicts an electric resistivity of
1.56 × 10−5�m. Hence, the sensor beam can be considered
as a 100μm length bar whose cross section is a square with
2μm sides. For this bar, the calculated resistivity yields a 390�
resistance, which agrees with the experimental results (the
first row of Table 2). With the selected dopant concentration,
the resistivity model in [33] predicts a temperature profile for
electrical resistivity ρ, as shown in Fig. 3 with the thick curve.
From this profile, the differential temperature coefficient of
resistivity, defined by:

α(T ) ≡ 1

ρ(T )

dρ(T )

d T
, (1)

is obtained in terms of temperature T as shown in Fig. 4.
The straight line in Fig. 3 is a rough linear approximation
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Fig. 4. Temperature profile of the differential temperature coefficient.

of resistivity for temperatures less than 1500K, which is
described as:

ρ(T ) ≈ ρamb [1 + αo(T − Tamb)] , (2)

where αo = 3.7822 × 10−4(1/°C) is the temperature coeffi-
cient of resistivity, Tamb is the ambient temperature, and ρamb
refer to resistivity at ambient temperature.

B. Linear Analysis

The results in following example, which is based on lumped
parameter analysis for prediction of temperature in terms of
the applied voltage, will be used subsequently.

Example III-B: Electric resistance of a resistor at room
temperature is Ro (�) and its variation with temperature can
be described by a constant temperature coefficient α (1/°C).
The overall thermal conductance between the resistor and the
outside world, including its connection to a voltage source, is
K (W/°C). If the internal resistance of the voltage source is
negligible compared to the resistor, what would be the steady-
state temperature of resistor for a constant voltage of V (vlots)
and room temperature of To?

Assuming a uniform temperature distribution T across the
resistor, we can equate the electric power generated in the
resistor with the thermal power flow from the resistor to
the outside world:

V 2

Ro[1 + α(T − To)] = K (T − To) (3)

When the constant α does not depend on temperature, the
resistance value and its temperature can be formulated in the
following form:

R = Ro

1 +
√

1 + 4αV 2

Ro K

2
(4)

T = To +
√

1 + 4αV 2

Ro K − 1

2α
(5)

Displacement by
thermal actuation

Plate
x

R
1

V V

R
2

x

Fig. 5. Biased thermal sensor.
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Fig. 6. Steady-state values versus displacement. (a) Resistor temperatures.
(b)Resistor values. (c) Normalized sensor output.

Fig. 5 shows the schematic diagram of the heat sink plate
and the sensor, which is described by two resistances. At zero
actuation, variable x is equal to 0.5L with L referring to
the length of each sensor beam. In this way, lengths x and
L − x of the right and left sensor beams are not adjacent to
the heat sink, respectively. Let us define K1 and K2 as the
overall thermal conductances from electric resistors R1 and
R2 of the sensor to the area around the sensor, respectively.
As the plate in Fig. 5 moves to the left, K1 increases while
K2 decreases. Let us assume a simple dependency between the
thermal conductances and the plate position x , in the following
form:

K1(x̃) = Kmin + (Kmax − Kmin) x̃ (6.1)

K2(x̃) = Kmin + (Kmax − Kmin) (1 − x̃) (6.2)

where x̃ ≡ x/L is the normalized position, and Kmin and Kmax
refer to minimum and maximum thermal conductance of each
resistor. Neglecting the thermal cross-coupling between the
beams, the results in Example III-B can be used to predict
the steady-state values of resistances and their corresponding
temperatures in the following form:

R i (x̃, V ) = Ro

1 +
√

1 + 4αV 2

Ro Ki (x̃)

2
, i ∈ {1, 2} (7.1)

Ti (x̃, V ) = To +
√

1 + 4αV 2

Ro Ki (x̃) − 1

2α
, i ∈ {1, 2} (7.2)
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TABLE I

PARAMETER VALUES IN SIMULATION III-B

Parameter Value
α 3.7822 × 10−4 (K−1)

Ro 390 (�)

To 27 (°C)
Kmin 100 × 10−6 (W/K)

Kmax 116 × 10−6 (W/K)

V 6 (V)

TABLE II

EFFECT OF THERMAL ACTUATION ON

UN-BIASED SENSOR RESISTANCES

Actuation Voltage (V) Displacement (μm) R1 (�) R2 (�)

0 0 388.9 391.6
1 0.1 389.4 391.9
2 0.7 391.3 394
3 2 393.05 395.9
4 3.8 398 400.7
5 5.8 401.7 404.2
6 8 405.5 408.1
7 10.3 410.2 412.5
8 12.8 414.8 416.8

where Ro is each resistance value at zero bias voltage. At zero
actuation, where x̃ = 0.5 and K1 = K2 = (Kmax + Kmin)/2,
we assume that the sensing resistors match and the sensor
output is zero. Hence, the sensor output voltage is proportional
to R−1

1 − R−1
2 . This difference between the electric conduc-

tances, which changes with the distance x , can be employed to
measure the displacement. The following simulation presents
the predicted sensor output by the foregoing simple lumped
parameter analysis.

Simulation III-B: Assuming the following parameter val-
ues and using (6) and (7), the steady-state values of tempera-
tures, resistances, and senor output for different position values
are obtained as shown in Fig. 6(a)-(c), respectively.

C. Thermal Coupling from Actuator to Sensor

The foregoing simulation predicts an almost linear depen-
dency between the sensor output and displacement. In
section III-B, we assumed that the displacement does not have
any effect on the temperature of the area around the sensing
resistors. In other words, we assumed that the temperature
around the sensing resistors, denoted by To, is identical to the
ambient temperature Tamb. However, the displacement in the
actuator is caused by thermal expansion. Hence, under station-
ary conditions, the sensor area temperature (To) increases with
the displacement x . Due to lack of suitable instrumentation
to measure the temperature of the sensor area, we set up
the following experiment to approximate the sensor area
temperature To.

Experiment III-C (Effect of Actuation on Un-biased Sen-
sor Resistances): For different actuation voltages, the values
of sensor resistances were measured, without applying an
external bias voltage to the sensor, as shown in Fig. 7 and
Table 2. For zero actuation voltage, we can assume that

Displacement by
thermal actuation

x x

R
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Ω Ω

R
2

Fig. 7. Measurement of un-biased sensing resistances for different thermal
actuation voltages.

all parts are at room temperature and the values of sensor
resistances are almost 390 �. It is observed that the un-biased
sensor resistances increase by about 6.4 percent for a 12μm
displacement, just due to transfer of heat from actuator to
sensor. �

With the temperature coefficient of sensing resistors as given
in Table 1, the 6.4 percent resistance increase in the un-
biased sensor corresponds to 169.2 °C increase in sensor area
temperature. Since the edges of the plate align with the middle
of sensing resistors at zero actuation, a zero displacement
corresponds to x̃ = 0.5. With L = 100μm, the sensor area
temperature can be roughly approximated in terms of the
normalized displacement and ambient temperature as:

To ≈ Tamb + 1410(x̃ − 0.5), (°C). (8)

Using (8) and the given temperature coefficient in Table 1,
the value of unbiased sensing resistances in terms of displace-
ment can be written as:

Ro ∼= Ramb[1 + 0.53(x̃ − 0.5)] (9)

where Ramb refers to sensor resistance at zero actuation and no
bias voltage. Now, we can approximate the effect of thermal
coupling from the actuator to the biased sensor, in stationary
conditions. To do this, we replace To and Ro in (7) by their
position dependent values on the right hand sides of (8) and
(9), respectively. With the same parameters and ambient values
as in Simulation III-B, we obtain the results shown in Fig. 8,
where effect of no thermal coupling on sensor output is also
included in Fig. 8(c) for comparison.

D. Effect of Nonlinear Temperature Coefficient

In the foregoing analysis, we assumed a linear temperature
profile for electrical resistivity with a positive temperature
coefficient. As shown in Fig. 3, the resistivity is a highly
nonlinear function of temperature. Moreover, the differential
temperature coefficient, shown in Fig. 4 (up to the melting
point of Silicon), becomes negative at high temperatures. If the
effect of the nonlinearity is to be taken into account, we can
not use closed-from solutions such as Eqs. (4), (5), and (7).
Here, we use numerical solutions to consider the effect of
the nonlinearity on the sensor under stationary conditions.
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Fig. 8. Temperatures, resistances, and output of biased sensor in Simulation III-B, including effect of thermal coupling from actuator.

Let us assume that the resistivity has a known temperature
profile, as depicted in Fig. 3. In this way, the heat transfer
equation in Example III-B can be written as:

C
d T

dt
= f (T ) ≡ AV 2

Lρ(T )
− K (T − To) (10)

where t refers to time, C is the heat capacity of the resistor,
and L and A are its length and cross sectional area, which are
assumed to be constants. For a constant bias voltage V , an
equilibrium point of T = Te vanishes the right hand side of
Eq. (10), denoted by function f (T ). To have an equilibrium
point below the melting point Tm of silicon, the minimum
value of function f in the interval of [To,Tm] needs to be
negative. This condition can be stated as:

min
T ∈[To,Tm] [ f (T )] < 0 (11)

Because of the nonlinear dependence of f on T , we may
have more than one solution for the equilibrium. A stationary
condition, however, corresponds to a stable equilibrium. Using
Eq. (10), the stability of equilibrium can be determined from
small temperature perturbation δ T ≡ T − Te, which satisfies
the following linear dynamic equation:

C
d δ T

dt
= −

(
AV 2

Lρ2

dρ

d T
+ K

)

T =Te

· δ T (12)

Since the heat capacity is positive, the equilibrium point is
stable if the coefficient of δ T in Eq. (12) is negative. Using
Eq. (1), we restrict the solutions to stable equilibrium points
by imposing the following condition during the numerical
calculations:

AV 2α(T )

Lρ(T )
+ K > 0 (13)

TABLE III

PARAMETER VALUES

Parameter Value

Ramb 390 (�)

Tamb 27 (°C)

Tm 1414 (°C)

Kmin 100 × 10−6 (W/K)

Kmax 116 × 10−6 (W/K)

V 6 (V)

Here, α has the temperature profile depicted in Fig. 4. To
consider the effect of thermal coupling from actuator to sensor,
the same approach which led to (8) is adopted. With the
nonlinear profile in Fig. 3, a 6.4 percent increase in resistivity
corresponds to 263 °C increase in temperature. Hence, the
sensor area temperature is approximated by the following
relationship:

To(x̃) ≈ Tamb + 2192(x̃ − 0.5), (°C). (14)

Dependencies of the thermal conductances K1 and K2 on
position are assumed as stated in Eq. (6). The numerical
solutions for resistors’ temperatures are obtained from the
following equation:

AV 2

Lρ(Ti )
− Ki (x̃)

[
Ti − To(x̃)

] = 0, i ∈ {1, 2} (15)

Having determined the resistor temperatures from (15), the
resistance values are obtained as:

Ri (x̃) = ρ(Ti )L

A
, i ∈ {1, 2} (16)
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Fig. 9. (a)–(c) Simulation results for stationary response of sensor, considering thermal coupling from actuator and a nonlinear temperature profile for
sensitivity. (d) Experimental and predicted static sensor characteristics.

Using the parameter values in Table 3 and restricting the
solution to stable equilibriums below the melting point, we
obtain the results shown in Fig. 9 under stationary conditions.
Effect of no thermal coupling from actuator is also included in
Fig. 9(c). With a position dependency for sensor temperature
in the form of (14) and the selected values for parameters,
conditions (11) and (13) reduce the permissible deflection
range to x = 0.78L. This is expected because a larger deflec-
tion is cause by a warmer actuator, which makes the sensor
area warmer due to thermal coupling. Our experimental data
associated with sensor response versus displacement, which
is in the range of x̃ ∈ [0.5, 0.64], is in good agreement with
the predicted response in Fig. 9(c) within that range. Fig. 9(d)
shows the predicted sensor-displacement characteristics along

with the measured data. An amplifier gain of 90 and feedback
resistance values of 330� were used to calculate the predicted
sensor output in Fig. 9(d) from the normalized one in Fig. 9(c).

IV. THERMAL ACTUATOR MODELS

This part addresses modeling of the thermal actuator under
stationary conditions. We start from a simple linear model and
then a variety of nonlinear effects are included in a step-by-
step manner.

A. Linear Model

For the linear model, the following assumptions are
considered:



1778 IEEE SENSORS JOURNAL, VOL. 12, NO. 6, JUNE 2012

Actuator
displacement

Thermally
expanded arm

d

h

d
o

s � 0

s � L
a

s-axis

L
o

θ
o

θ

θ
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1) The overall behavior of each arm of the actuator is
identical to the other arms.

2) The temperature profile along the beam is uniform.
3) The temperature coefficient of expansion does not vary

with temperature.
4) The beam profile remains linear during thermal expan-

sion.
5) The temperature coefficient of resistivity is constant.
6) The thermal conductance between each arm and the

surrounding environment is constant.

The first assumption considers the same electric current and
temperature profile for all 20 arms of the actuator. The second
assumption considers a uniform temperature distribution along
the beam so that we can use the results of lumped parameter
analysis in Example III-B. By the fourth assumption, we
assume that the beam remains a straight line after the thermal
expansion. In this way, the analysis can be reduced to that of
a rigid and linear single beam as shown in Fig. 10.

Using the first assumption and neglecting the voltage drop
in the junction area between upper and lower arms, the
voltage V across each arm is half of the actuation voltage Va.
Assuming a constant thermal conductance Ka between the arm
and the surrounding environment and using Eq. (5), the arm
temperature in terms of the actuator voltage is obtained as:

Ta = Tamb +
√

1 + αV 2
a

Roa Ka
− 1

2α
(17)

where Roa is the electrical resistance of the arm at ambient
temperature (no actuation). Having found the arm temperature
and assuming a constant linear thermal expansion coefficient
for the arm defined by [37]:

αl = 1

Lo

d L a

d Ta
(18a)

where Lo = √
d2

o + h2 is the arm length at ambient
temperature (zero actuation voltage), the arm length La is
obtained as:

La = Lo [1 + αl(Ta − Tamb)] (18b)

Vertical projection of arm, denoted by h in Fig. 10, remains
constant after actuation. Hence, the actuator displacement d is

obtained in the following form.

d =
√

L2
a − h2 − do (19)

where do is horizontal projection of the arm at zero actuation.

B. Nonlinear Temperature Profile

In the linear model, we considered a uniform temperature
profile for the beam, which is a very rough approximation.
In [38], analytical expressions for temperature profile were
obtained for fixed micromachined polysilicon beams carrying
electrical current; however, the effect of thermal expansion was
not considered and the equations are only valid for sufficiently
high current values. Another analysis was also presented
for a bidirectional vertical thermal bimorph actuator in [39];
however, no temperature dependency was considered for the
electrical resistivity. Under stationary conditions, temperature
profile of the arm can be approximated by the following one
dimensional heat equation:

I 2

Ae
ρ(T̃ ) + k A

d2T̃

ds2 = ga T̃ (20)

where T̃ = T (s) − Tamb is the temperature increase of the
arm at position s on the beam (the s-axis coincides on the
beam as shown in Fig. 10), Ae is the effective cross sectional
area through which the constant electric current I flows,
k is thermal conductivity of the arm, ga refers to thermal
conductance per unit length between the arm and ambient
region, A is the cross sectional area of the beam, and ρ is the
electrical resistivity. To solve the differential equation (20), we
assume the following boundary conditions:

GL T̃ (La) + k A
dT̃

ds

∣∣∣∣∣
s=La

= 0 (21)

2k A
d T̃

ds

∣∣∣∣∣
s=0

= G0T̃ (0) (22)

where GL refers to the overall thermal conductance between
the lower end of the arm in Fig. 10 and the ambient region,
and G0 is the thermal conductance to ambient region for the
junction zone between the arm and its upper pair. In (22), a
coefficient of 2 appears because two arms are connected to the
aforementioned junction zone, where electric heat dissipation
is neglected for simplicity.

Let us assume that the electrical resistivity can be approxi-
mated by a linear temperature profile described by Eq. (2) and
the straight line in Fig. 3. In this case, analytical solutions for
the boundary value problem (20-22) are available. The form of
the solution depends on the sign of the following parameter:

η := k−1 A−1
(

I 2ρambαo A−1
e − ga

)
(23)

For positive values of η, the solution is presented as:

T̃ (s) = C1 sin
(√

ηs
) + C2 cos

(√
ηs

) − γ

η
(24)

where
γ := I 2ρambk−1 A−1 A−1

e , (25)
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and the constants C1 and C2 satisfy the following linear
algebraic equations to meet the boundary conditions:

k A
√

η
[
C2 sin

(√
ηLa

) − C1 cos
(√

ηLa
)]

= GL

[
C1 sin

(√
ηLa

) + C2 cos
(√

ηLa
) − η−1γ

]
, (26)

2k A
√

ηC1 = G0

(
C2 − η−1γ

)
(27)

For negative values of η, we can define β := √−η and the
solution is presented as:

T̃ (s) = C1 sinh (βs) + C2 cosh (βs) + γ

β2 (28)

where

−k Aβ [C1 cosh (βLa) + C2 sinh (βLa)]

= GL

[
C1 sinh (βLa) + C2 cosh (βLa) + β−2γ

]
, (29)

2k AβC1 = G0

(
C2 + β−2γ

)
(30)

In the singular case of η = 0, the solution is presented as:

T̃ (s) = C2 + C1s − γ

2
s2 (31)

where

k A (γ La − C1) = GL

(
LaC1 + C2 − γ L2

a

/
2
)

(32)

2k AC1 = G0C2 (33)

So far, the solution for temperature profile is in terms of
the current I and arm length La. However, the arm length
after actuation is not known in advance because it depends
on temperature profile of the arm. This dependence can be
written analytically if we partition the arm into infinitesimal
sections 	si , i = 1, . . ., N , which have temperature increases
T̃i , i = 1, . . ., N , respectively. Assuming a constant thermal
expansion coefficient of αl and denoting the un-actuated length
of 	si by 	soi , we can write a relationship similar to Eq. (18b)
in the following form:

	soi = 	si

1 + αl T̃i
(34)

When the infinitesimal sections tend to zero while N tends
to infinity, a summation over i = 1, . . ., N , from both sides of
(34) leads to the following constraint on profile solution:

s=La∫

s=0

ds

1 + αl T̃ (s)
= Lo (35)

In this way, after choosing a solution for temperature profile
based on sign of η, the arm length La must be adjusted
to satisfy constraint (35). The actuator displacement is then
obtained from Eq. (19).

C. Nonlinear Thermal Expansion Coefficient

In the aforementioned method, we assumed a constant
value for coefficient of linear thermal expansion. However, the
thermal expansion coefficient for Silicon considerably varies
with temperature, as shown in Fig. 11 [37].
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4.5
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α
1 (

× 
10

−6
· K

−1
)

Fig. 11. Schematic approximate temperature profile of linear thermal
expansion coefficient for Silicon.
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Fig. 12. Temperature profile for integral of thermal expansion coefficient in
Fig. 11.

To take this variation into account we can use Eq. (18a) to
obtain the modified form of Equation (34) as:

	soi = 	si

1 + ∫ T̃i
0 αl(T̃ )dT̃

(36)

In this way, constraint (35) can be written in the following
form:

s=La∫

s=0

ds

1 + g
(

T̃ (s)
) = Lo (37)

where function g(·) is defined as:

g(u) :=
∫ u

0
αl(T̃ )dT̃ (38)

For the thermal expansion coefficient profile in Fig. 11,
function g has the profile shown in Fig. 12. In this way,
after selecting a parameterized form for temperature profile
T̃ (s, La) based on sign of η, the arm length La needs to be
adjusted to satisfy constraint (37). Having determined the arm
length La, the actuator displacement is obtained from Eq. (19).
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D. Nonlinear Arm Profile (Buckling)

So far, we have assumed that the shape of the arm remains as
a straight line after thermal expansion. However, experiments
show that the arm can experience noticeable deviation from
straight line in its shape, known as buckling. Buckling in
thermal actuators was investigated in [40] by experiment
and nonlinear structural finite-element simulations without
considering any analytical approaches. Analytical solutions
for buckling were also obtained in [41] and [42]; however,
the beam conditions in [41] and the buckling source in
[42] are different from those considered here. Our analytical
approach for buckling is also suitable to include effects of
the thermal profile nonlinearities associated with the thermal
expansion coefficient and temperature coefficient of resistivity.
This problem is mainly due to slender structure of the arm,
its clamped connections at the two ends, and fixed vertical
projection of arms during thermal expansion (distance h in
Fig. 10). Since the end points of the arm are clamped (not
hinged), the angle between the arm and vertical direction at
the end point junctions, denoted by θ in Fig. 10, remains
constant during thermal expansion (equal to cold value of θo

in Fig. 10). Fig. 13 shows a typical shape of the actuated
arm, which is more consistent with the foregoing clamped
boundary conditions at the beam ends. As shown in Fig. 13,
the straight line connecting the beam ends is adopted as x-axis,
which is used as a reference to measure the arm deflection
y(x). Under Euler-Bernoulli beam assumptions and a uniform
bending stiffness EI, we can write the following differential
equation and boundary conditions:

d4 y(x)

d x4 = 0 , y|x=± L x
2

= 0 ,
dy

d x

∣∣∣∣
x=± L x

2

= ∓ tan δ (39)

where

δ(d) = π

2
−θo−arctan

(
h

d + do

)
, Lx(d)=

√
h2 + (d + do)2

(40)
In this way, the following shape function is obtained for

the thermally expanded arm in terms of the actuator displace-
ment d .

y(x) =
(

x

2
− 2x3

L2
x

)
tan δ (41)
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Fig. 14. Profiles of the functions relating arm length La to displacement d
for h = 400 and do = 4 μm.

Having determined the shape function of the arm, the
arm length La can be determined in terms of the actuator
displacement as:

La = L(d) := 2

0.5L x∫

x=0

√
1 +

[
dy(x)

dx

]2

dx

= 2

0.5L x∫

x=0

√
1 +

(
1

2
− 6x2

L2
x

)2

tan2 δ dx (42)

For h = 400 μm and do = 4, the profiles of function
La = L(d) and the inverse function d = L−1(La), computed
by Eq. (42), are shown in Fig. 14 with solid lines. To compare
with the linear beam profile assumption, the corresponding
results have also been included in Fig. 14 with dotted lines,
using Eq. (19).

In this way, when the s-coordinate is adopted to coincide
with the curved beam, Equations (20)-(33) and (36)-(38)
are still valid for the nonlinear beam. After selecting a
parametrized nonlinear temperature profile T̃ (s, La), based
on sign of η, the beam length La should be adjusted to
satisfy constraint (37), which considers the nonlinearity in
thermal expansion coefficient. The actuator displacement is
then determined from the inverse function d = L−1(La),
which includes the nonlinear beam profile.

E. Nonlinear Resistivity Temperature Profile

In [43], effect of nonlinear resistivity temperature profile
was considered using a numerical finite-element ANSYS
model; however, their profile did not include the high temper-
ature part of the profile that has a negative slope. Moreover,
their modeling procedure was not clarified by any analytical
expressions. However, the numerical method that we offer here
is more transparent due to the analytical expressions presented
earlier. Up to this point, we assumed a linear temperature
profile for electrical resistivity, represented by Eq. (2) and
the straight line in Fig. 3. This assumption led to closed-
form expressions (23)-(33) for temperature profiles. When the
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TABLE IV

PARAMETER VALUES USED FOR SIMULATIONS

Parameter Value
do 4 (μm)

h 400 (μm)

A 125 (μm)2

Ae 12.5 (μm)2

αl (at room temperature) 2.6×10−6 (1/K)

αo 3.7822×10−4 (1/°C)

k 130 (WK−1m−1)

GL 170×10−6 (W/K)

G0 35×10−6 (W/K)

ga 0.03 (WK−1m−1)

Ka 199.5×10−6 (W/K)

Tamb 300 (K)
Roa 500 (�)

nonlinear dependency of resistivity on temperature, illustrated
in Fig. 3, is to be taken into account, the boundary value
problem (20)-(22) does not have any closed-form solution and
requires a numerical solution. Here, we use a MATLAB solver,
“bvp4c”, which is suitable for ordinary differential equations
with two-point boundary value problems. To accelerate the
convergence and avoid unacceptable multiple solutions, we
used the closed-form solutions, obtained via the linear resis-
tivity assumption, as the initial guess for the solver. Moreover,
the nonlinear curve in Fig. 3 is approximated by a fifth order
polynomial with adequate precision, as shown in Fig. 15.

F. Simulation Results

Here we use simulation to evaluate the proposed models for
the thermal actuator. The parameter values were consistently
selected among different models, as shown in Table 4. Assum-
ing the resistivity profile in Fig. 3, the effective cross-sectional
area Ae was adjusted to give Roa = 500 � for each arm with
length of 400.02 μm, which is consistent with the measured
actuator electrical resistance of 100 � at room temperature.
For an actuation voltage of 9V, the temperature profiles of the
arm obtained by the proposed models, are shown in Fig. 16.
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Fig. 16. Temperature profiles of the arm with each legend referring to the
nonlinearity included in the model in addition to the nonlinearity in the upper
legends.

TABLE V

ELECTRIC CURRENT, ARM LENGTH CHANGE, ARM RESISTANCE,

AND ACTUATOR DISPLACEMENT FOR THE PROPOSED MODELS AT

ACTUATION VOLTAGE OF 9 V

Nonlinearity type I (mA) La − Lo (μm) Ra (�) d (μm)

Linear 8.4 0.2 536 9.17

Temperature profile 8.0 0.34 562 13

Thermal expansion 8.0 0.45 562.2 15.43

Beam shape 8.0 0.45 562.2 14.34

Resistivity 8.255 0.47 545 14.66

The legends from top to bottom refer to the last type of the
nonlinearity included in the model and are orderly associated
with the proposed models. In other words, the nonlinearities
have not been considered individually, but in a cumulative
manner as was explained in the previous sections. Thus, each
legend refers to the kind of nonlinearity included in addition
to those mentioned in the upper legends. For the simulation
results in Fig. 16, the actuator displacement d , increase in arm
length La − Lo, the arm electric current I , and arm resistance
Ra have been tabulated in Table 5. For the nonlinear models,
the arm resistance is calculated after obtaining the temperature
profile using the following relationship:

Ra = 1

Ae

s=La∫

s=0

ρ
(

T̃ (s)
)

ds (43)

When the thermal expansion nonlinearity is included, the tem-
perature profile is weakly affected in Fig. 16. When the beam
shape nonlinearity is added to the temperature profile, length,
and resistance of the arm are expectedly not affected (see
Table 5). Hence, the profiles associated with the three middle
legends almost overlap. However, their displacements have
apparent differences as indicated in Table 5. The stationary
displacement characteristics of the thermal actuator, obtained
by the proposed models, are shown in Fig. 17.
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Fig. 18 shows the predicted displacement characteristics,
using the model described in Section IV-E that considers all
nonlinearities, along with the experimental data. It is seen that
the initial deflections predicted by the model are more than the
measured values. The reason can be explained by considering
the un-excited supporting beams, which were used to transfer
the heat outside of the actuator. Evidently, the temperatures
of these beams are lower than those of the electrically excited
arms and their smaller thermal expansions compared to those
of the arms exhibit a resisting force against the motion.

V. CONCLUSION

Simple lumped parameter methods were used to predict the
static behavior of a micro-machined thermal sensor. Effects
of thermal coupling from actuator to sensor and nonlinearity
of resistivity profile were cumulatively included. The ther-
mal actuation mechanism was first modeled by a simple
lumped-parameter model. The model was gradually improved
by incorporating more nonlinear effects. The effects, which

were cumulatively considered in a step by step manner, are
non-uniform temperature profile of the arms, temperature
dependency of thermal expansion coefficient, deviation of arm
shape from straight line due to end point constraints, and
nonlinearity in resistivity temperature profile. The rough agree-
ment between the resulting sensor and actuator characteristics
ensures the validity of the results.

The proposed analytical methods are helpful for predicting
sensitivity and power consumption of the thermoelectric sensor
and actuator. They also reveal how thermal coupling from
actuator to sensor affects the sensor resolution. Moreover,
using the proposed methods, one can predict the voltage
limitations of the sensor and actuator, which are very important
to prevent damages when using high voltage ranges.
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