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Abstract We derive explicit solutions for a fixed-guided slender suspension beam that is initially straight and
tilted with respect to the moving direction of its sliding end. The beam experiences substantial axial forces
during the tension, resulting in a nonlinear boundary value problem. We consider sliding end displacements
in the direction that cause longitudinal tension along the beam. We first propose an exact approach, leading
to analytical solutions for various physical variables such as the transverse force and deflection profile, in
terms of the axial force and the positive real solution of a third-order algebraic equation. We also propose
an alternative approximate solution based on a second-order equation, which provides closed-form analytical
solutions for the physical variables. We also introduce analytical validation techniques for the underlying
assumptions. Consistency with nonlinear finite-element analysis is also addressed. Moreover, the results of
the approximate method are represented by dimensionless formulas, generating charts to predict solutions for
arbitrarily assigned beam parameters. Magnitudes of the normal and shear stress values are also included to
consider the effects of yield and shear strengths as the limiting factors at large deflection conditions.

1 Motivation

In many physical devices, fixed-guided flexible cantilevers are used as suspension mechanisms, such as mi-
croelectromechanical RF switches [14], actuators [17], resonators [21], and sensors [5]. Traditional numerical
methods such as the Finite-Element Method (FEM) may not readily predict the behavior of such flexible
structures adequately [10]. In addition, a closed-form formulation of the beam solution can significantly re-
duce the design effort for such flexible suspension beams by eliminating the time-consuming FEM design
iterations. Hence, accurate modeling of fixed-guided bars is of particular importance in mechanical design of
many structures such as MEMS nanopositioners [23].

Tilted suspension beams have important applications inMEMSsuch as stabilizing themotion of comb-drive
actuators [24] and emerging differential piezoresistive sensors [2]. In [8], exact nonlinear expressions were
formulated for a static flexible fixed-guided beam, which is initially orthogonal to the direction of motion and
experiences tensile axial force after deflection. In [10], an analytical approach was proposed for a fixed-guided
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beam, which is applicable to tilted suspension beams by considering more general boundary conditions at the
moving end. However, the method is computationally demanding as it requires iterations with initial guess
values and solution of incomplete elliptic integrals. Similar difficulties exist in themodeling approach proposed
in [15] for tilted suspensions, where the changes in the beam length due to the axial force were ignored. In
[16], the pseudo-rigid-bodymodel developed in [12] for compliant bars was extended to approximate the static
response of fixed-guided flexible beams, where exact elliptic integral solutions at various boundary conditions
are required to optimally determine the model parameters. In addition, change in beam length due to axial
force was not included in the analysis. Most of the past works on tilted fixed-guided beams deal with buckling,
where the beam experiences longitudinal compression. In contrast, our objective in this paper is to address the
static response of such beams under the tension.

In this paper, we extend the exact nonlinear analysis presented in [8] (Sect. 3.2) to initially straight beams
positioned at an arbitrary angle with respect to the clamping walls at the beam ends. In contrast to the beam
buckling problems addressed in [10,15],we consider the displacement in the direction that the beamexperiences
a longitudinal tensile stress. In addition, the parametric formulations proposed in this paper are straightforward
anddonot require knowledgeof elliptic integrals, iterations, or guess values to obtain a solution.Wepropose two
static modeling methods, denoted by exact and approximate approaches. The exact approach requires the real
solution of a cubic equation. The approximate approach leads to closed-form solutions, which are represented
as dimensionless expressions and charts to anticipate beam solutions for arbitrarily assigned parameters. The
proposed exact approach is also used to confirm the validity of the results obtained by the approximate approach.
We also address the consistency of the theoretical models through nonlinear finite-element analysis.

2 Problem statement

Figure 1 displays a slender flexible suspension beam, which is straight at rest with length l and obliquely
clamped at both fixed and moving ends with angle ζ . No other external force or moment is applied to the
beam except for those resulting from vertical displacement of the moving end. Our objective is to obtain
equilibrium relationships between the vertical displacement d , deflection profile y(x), vertical force F , and
axial and transverse forces S and P at the beam ends, respectively.

We consider slender beamswhose rigidity ratio [1,7], defined as beambending stiffness over shear stiffness,
is much smaller than 1, i.e.,

12E I

l2κGA
� 1, (1)

Fig. 1 Illustration of the new origin and rotated boundaries in the exact approach
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where E is Young’s modulus, I is the area moment of inertia, G is the shear modulus, A is the cross-sectional
area, and κ is the shear coefficient, which is equal to 10(1+ν)

12+11ν for rectangular cross sections with ν standing
for Poisson’s ratio [4]. Having Euler–Bernoulli assumptions hold by condition (1), we can avoid the modeling
complications arising from shear deformation in Timoshenko beams [13]. As in [8], we also assume that the
deflection of themoving end is small compared to the beam length, so that the bendingmomentM at each point

on the beam is proportional to y′′(x) := d2
y

dx2 . Validity of this assumption has been experimentally verified for
deflections as large as 2.2% of the beam length in fixed-guided conditions [3]. Note that the small deflection
assumption, however, does not linearize the model due to the axial force emerging from longitudinal variation
of the beam length [8] (Sect. 3.2).

In the following, we first propose an exact method, leading to a cubic algebraic equation. We then propose
an approximate method, which leads to a quadratic algebraic equation with solutions available in compact
form.

3 Exact approach

In this section, we propose an exact approach, which leads to the positive real solution of an algebraic cubic
equation. In the exact method, the origin is shifted into the slider, along the x-coordinate of the undeflected
moving end, as shown in Fig. 1. Considering the end-point conditions depicted in Fig. 1, the beam length
increases with downward displacement of the moving end and the tensile axial force S arises. The situation
is almost similar to half of the clamped–clamped beam with length of 2l and a vertical load in the middle, as
discussed in Sect. 3.2 of [8], except for the nonzero tilt angle ζ . Although the formulation presented in [8]
is consistent with a beam perpendicularly clamped at both ends, we can still apply those results for the tilted
beam in Fig. 1, under tensile conditions.

The task of the boundary clamping the fixed end is to keep the position and angle of the beam constant
at that position. The same boundary conditions at the fixed end are readily obtained by clamping the tilted
beam to a wall, which is not necessarily vertical. Hence, one can rotate this boundary around the end point by
an angle ζ , without altering the problem, as shown in Fig. 1. We can now assume that the beam is clamped
perpendicular to the x-axis at the fixed end. Similar to the fixed end at point A, one can imagine that the left
boundary is first rotated around point C by an angle ζ to be perpendicular to the beam at rest without exerting
any moment or force. Then, the moving end is stretched for δ tan ζ along the x-axis from C to O, followed by
a displacement δ along the y-axis from O to B, resulting in the same boundary conditions that are obtained by
the downward vertical displacement d of the slider from C to B. However, the abscissas of the points on the
deflected beam are in the range of x ∈ [0, L] with

L := l(1 + r tan ζ ), r := δ

l
, (2)

where L depends on the deflection of the moving end. Considering the imaginary rotated boundaries in Fig. 1
that are perpendicular to the beam ends, the boundary conditions for the deflected beam are exactly same as
to those described in Sect. 3.2 of [8]. The differential equation governing the system at equilibrium is [8]

M(x) = E I y′′(x) = Sy(x) + M0 − P(L − x), (3)

where M0 is the fixing moment at the end point A (clockwise). Applying the procedure outlined in [8] (Sect.
3.2), the fixing moment, deflection profile y(x), and deflection projection δ := y(0) of the moving end along
the y-axis can be expressed in terms of axial and transverse forces as follows:

M0 = PL

2

tanh u

u
, (4)

y = P

St
[sinh t x − (1 + cosh t x) tanh u] + P

S
(L − x),

x ∈ [0, L], u = t L

2
, t =

√
S

E I
, (5)

δ = PL3

4E I
η(u), (6)

η(u) = u − tanh u

u3
, (7)
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where S and P are the components of the equilibrium force exerted on the deflected beam, under the tension,
along the x and y coordinates, respectively. Note that for downward deflections, the values of S is positive due
to the tension and the parameters t and u in Eq. (5) are well defined. Our objective is to obtain solutions for
unknown variables in terms of the parameter u defined in (5). The definitions of u and t yield the following
expression for the axial force S, immediately:

S = 4E Iu2

L2 . (8)

Assuming the magnitude of y′(x) := dy
dx is much smaller than 1, which is consistent with the small deflection

condition, the length s of the beam can be approximated by

s =
∫ L

0

√
1 + y′2dx ≈ L + 1

2

∫ L

0
y′2dx . (9)

Considering the right-angled triangle in the close-up view of Fig. 1, the overall increase in the beam length
after the deflection is

Δl = δ tan ζ + 1

2

∫ L

0
y′2dx . (10)

Following the manipulations stated in [8], the last term in (10) is reduced to

1

2

∫ L

0
y′2dx = LP2

2S2

(
3

2
− tanh2 u

2
− 3 tanh u

2u

)
. (11)

With the small slope condition, the tensile axial force at each point of the beam is almost a constant equal to
S and Hooke’s law imposes the following constraint:

Δl = l S

AE
. (12)

From the constraint (12), we have:

S = 4E Iu2

L2 = AE

l

(
δ tan ζ + 1

2

∫ L

0
y′2dx

)
. (13)

Using Eqs. (2), (6), (8), and (11) in Eq. (13), after some manipulations we obtain a cubic algebraic equation
for the unknown r in terms of the parameter u as:

[
tan3 ζ + f tan ζ

2η2

]
r3 +

[
2 tan2 ζ + f

2η2

]
r2 + r tan ζ = 4I u2

Al2
, (14)

where

f (u) :=
3
2 − tanh2 u

2 − 3 tanh u
2u

u4
. (15)

Assuming a known value for the parameter u, the value of r is obtained from a valid positive real solution of
Eq. (14). Having the values of δ = lr and L available from (2), we obtain the vertical displacement, axial, and
transverse forces at the moving end by:

d = δ

cos ζ
, (16)

S = 4E Iu2

L2 , (17)

P = 3E I δ

L3η(u)
. (18)

The value of the vertical force F is also obtained from:

F = S sin ζ + P cos ζ. (19)
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4 Approximate approach

In the approximate model, the origin of the x–y coordinates is set at the moving end of the undeflected beam
as shown in Fig. 2, where the origin does not change with the deflection. The y-axis splits the deflected beam
into long and small segments AB and BC, respectively. As presented in Sect. 3, we can assume an imaginary
clamping boundary at the fixed end. Note that the y-axis is still perpendicular to the deflected beam at point B
if the profile of the short beam segment BC is almost a straight line. This approximation is particularly valid
for small deflections of the beam, a condition which has already been adopted. With this approximation, the
long segment AB of the deflected beam is perpendicular to the y-axis at both ends, which is exactly consistent
with the deflected half beam in Sect. 3.2 of [8]. In addition, the short beam segment BC, y-axis, and the vertical
track of the moving end constitute a right-angled triangle as illustrated by the close-up view in Fig. 2b.

Hence, Eqs. (3)–(11) are valid if we replace L by l. Applying this update and inserting (6), (11), and (12)
into (10) and using Eq. (8), we obtain the following quadratic algebraic equation for unknown P in terms of
the parameter u:

(a)

(b)

Fig. 2 a Configuration of the tilted flexible suspension beam. b Close-up view and free body diagram of the deflected beam with
the parallel lines indicated by tick marks
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Fig. 3 Exact values of functions η(u) and f (u) from (7) and (15) and their Taylor series approximations from (24) and (25)

l4 f (u)

32(E I )2
P2 + l2η(u) tan ζ

4E I
P − 4I u2

Al2
= 0, (20)

As shown in Fig. 3 by the solid line curves, the functions η(u) and f (u) have positive values. Hence, the
quadratic equation (20) has two real solutions with opposite signs. However, when the beam is under the
tension, only the positive solution is valid for the transverse force P , which can be expressed by the following
compact form:

P = 32E I 2

Al4
u2

η(u) tan ζ +
√

η2(u) tan2 ζ + 8I u2 f (u)

Al2

. (21)

Having parametric solutions available for S and P , Eq. (6) determines the value of the transverse deflection δ.
Considering the right-angled triangle in Fig. 2, the force and vertical displacement at the moving end are also
obtained from Eq. (19) and the following equation, respectively:

d = Pl3

4E I cos ζ
η(u). (22)

Remark 1 If the tilt angle ζ tends to zero, we can readily confirm that (21) is consistent with the expression
obtained for P in Sect. 3.2 of [8].

Remark 2 To remain within the elastic range of the material, the value of parameter u should be limited so
that the normal and shear stresses do not exceed the yield and shear strength limits, respectively.

5 Numerical issues

Since the functions η(u) and f (u) are indeterminate at u = 0, using the exact expressions (7) and (15) can
cause large numerical errors for small values of u. Hence, it is important to find valid approximate expressions
for those functions, around u = 0. Inserting the following truncated Taylor series expansions:

tanh u ≈ u − u3

3
+ 2u5

15
− 17u7

315
+ 62u9

2835
− 1382u11

155925
,

tanh2 u ≈ u2 − 2u4

3
+ 17u6

45
− 62u8

315
+ 1382u10

14175
, (23)

into (7) and (15), we obtain the following approximate expressions for η(u) and f (u):

η(u) ≈ 1

3
− 2u2

15
+ 17u4

315
− 62u6

2835
+ 1382u8

155925
, (24)

f (u) ≈ 2

15
− 34u2

315
+ 62u4

945
− 5528u6

155925
, (25)

which are valid within 1% for |u| < 0.7, as shown in Fig. 3.
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In addition, direct application of Eq. (5) to calculate the deflection profile of the beam gives erratic values,
when u > 18 and x increases toward the fixed end. This is due to the exponential growth of the hyperbolic sine
and cosine functions and their subsequent subtraction in (5). Similar difficulties exist for the spatial derivatives
of the beam deflection profile, which are required for calculations of the local slope, moment, and shear force.
After some manipulation, the deflection profile (5) can be expressed in the following form:

y(x) = 2P

t S

⎡
⎣ 1+e−t x

1+e−2u e
(t x−2u) − 1

1 + tanh t x
2

+ u − t x

2

⎤
⎦ , (26)

where the following relationships were used to derive (26):

sinhw = 2 tanh w
2

1 − tanh2 w
2

, (27)

coshw = 1 + tanh2 w
2

1 − tanh2 w
2

, (28)

tanh
w

2
= 1 − 2e−w

1 + e−w
. (29)

Because of the negative values in the arguments of the exponential functions in (26), this expression does not
lead to numerical difficulties at high values of x and u. To calculate the slope profile y′(x), we first take a
derivative from the original deflection profile (5) and then apply Eqs. (27)–(29) to obtain:

y′(x) = P

S
[cosh(t x) − 1 − tanh(u) sinh t x] (30)

= P

S

2 tanh t x
2

1 + tanh t x
2

[
1 + e−t x

1 + e−2u e
tx−2u − 1

]
(31)

= P

S

(
1 − e−2t x

1 + e−2u etx−2u − 1 + e−t x
)

. (32)

Evidently, expression (32) is more conducive to numerical calculations at high values of x and u. Equating the
two expressions of the deflection profile in (5) and (26), and the two slope expressions in (30) and (32), one
can, respectively, obtain expressions for [sinh t x − tanh(u) cosh t x] and [cosh t x − tanh(u) sinh t x] with no
numerical difficulties. In this way, suitable expressions for the calculation of the second and third derivatives
are also obtained as:

y′′ = t P

S

⎡
⎣ 1+e−t x

1+e−2u e
(t x−2u) − 1

0.5
(
1 + tanh t x

2

) + tanh u

⎤
⎦ , (33)

y′′′ = P

E I

(
1 − e−2t x

1 + e−2u etx−2u + e−t x
)

. (34)

Since the transverse and axial forces reduce to zero when u tends to zero, the fraction P
S , which appears in

(26), (32), and (33), is indeterminate at low values of u. Using Eqs. (21) and (8) in the approximate approach
(L replaced by l), this fraction can be represented by the following well-defined expression around u = 0:

P

S
= 8I

Al2
[
η(u) tan ζ +

√
η2(u) tan2 ζ + 8I u2 f (u)

Al2

] , (35)

where the approximate expressions (24) and (25) should be used for η(u) and f (u) in that range, respectively.
Since the small beam segment BC in Fig. 2 will vanish as the beam deflection tends to zero, expression (35)
is also valid for the exact approach around u = 0. Hence, applying (35) into the expressions proposed in
this section for deflection profiles and its derivatives makes them conducive to numerical calculations in the
complete ranges of x ∈ [0, l] for the approximate approach and around u = 0 for the exact approach.
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6 Validation

Since the proposed modeling method is based on a number of assumptions, it is desirable to validate them
before or after obtaining a solution. We can summarize the assumptions made in both exact and approximate
methods (except for the fifth assumption) as:

1. Small rigidity ratio (condition (1)).
2. Small beam curvature so that the bending moment can be approximated by E I y′′(x).
3. Small slope of the deflection profile so that approximation in (9) is valid.
4. The internal tensile force tangent to the beam at each point is almost equal to the axial force S at the end

points so that condition (12) is satisfied.
5. The actual short beam segment BC in Fig. 2 can be approximated by a straight line so that the actual

slope of deflection profile at point B is almost zero, yielding the deflection profile described by (5) with
L replaced by l for segment AB (this assumption is relaxed in the exact method).

The first assumption can be verified by condition (1). The second assumption can be verified by computing
the local bending moment using the following exact formula [8]:

M(x) = E I y′′(x)[
1 + y′(x)2

]1.5 , (36)

and then comparing the result with the approximate value of M ∼= E I y′′ for the bending moment, which was
mentioned earlier in Sect. 2. We can also calculate the shear force in the following three ways:

Q(x) ∼= −E I y′′′(x), (37)

Q(x) = −P cos θ(x) − S sin θ(x), (38)

Q(x) = E I[
1 + y′(x)2

]2
[
3y′(x)y′′(x)2

1 + y′(x)2
− y′′′(x)

]
, (39)

where θ(x) = arctan[y′(x)] is the local angle of the deflected beam w.r.t. the x-axis. Equation (37) is the
conventional approximation of the shear force for an initially straight Euler–Bernoulli beam with small deflec-
tions. Equation (38) comes from the fact that the equilibrium internal force at any transverse cross section of
the deflected beam is identical to the force at the end points. To obtain (39), we have used the exact expression
(36) for the moment and the equality Q = E I dMdxo

= E I dMdx
dx
dxo

[6], where the coordinate xo overlaps the

deflected beam and satisfies dx
dxo

= 1√
1+y′2 .

6.1 Validation of the approximate approach

The third approximation, which was made in (9), affects the value of the overall beam length increase Δl. To
verify this assumption for a solution obtained by the approximate approach, one can compare the approximate
value of the length change in Eq. (10) (L replaced by l in the integral limit) with the following more exact
value:

Δ̂l = δ tan ζ − l +
∫ l

0

√
1 + y′2dx, (40)

which requires numerical integration of the solution using a sufficient number of points along the x-axis.
The fourth approximation led to (12), where we assumed that the axial tensile force is uniformly equal

to those at the end points. Using the fact that the internal equilibrium force is identical along the beam, we
can confirm this assumption for a solution obtained from the proposed approach. As shown in Fig. 2, one can
partition the long segment AB of the deflected beam into infinitesimal segments with the length of the i-th
segment denoted by ΔLi . The exact value of the tensile force at point xi , which corresponds to the middle
point of the i-th segment, is the projection of internal force along (tangential to) the beam segment:

Si = S cos θi − P sin θi , (41)
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where θi := arctan[y′(xi )] is negative for the deflected beam in Fig. 2. Applying Hooke’s law and the definition
of Young’s modulus to the small element, the initial unstretched length of the i-th segment is obtained as

Δli = ΔLi

1 + Si
E A

= Δxi(
1 + Si

E A

)
cos θi

, (42)

whereΔxi refers to the projection of the stretched beam segment along the x-axis. For the short segment BC of
the deflected beam, we hold the original assumption of a linear segment parallel to x-axis with length δ tan ζ ,
which corresponds to the unstretched length of δ tan ζ/

(
1 + S

E A

)
. Adding up all the unstretched lengths with

reducing the size and increasing the number of infinitesimal elements, the result should be equal to the beam
length at rest and we obtain the following relationship:

δ tan ζ

1 + S
E A

+
∫ l

0

√
1 + y′(x)2dx

1 + S cos θ(x)−P sin θ(x)
E A

= l. (43)

Using Eq. (43), we can obtain a new expression for δ and also an alternative value for the vertical displacement
of the moving end as

d̂ = 1 + S
E A

sin ζ

[
l −

∫ l

0

√
1 + y′(x)2dx

1 + S cos θ(x)−P sin θ(x)
E A

]
. (44)

Having recalculated the vertical displacement by (44), where the fourth assumption is relaxed, one can readily
validate this assumption using the following criterion:

|d̂ − d|
d

� 1. (45)

Validation of the fifth assumption in the proposed approximate approach is more rigorous and is addressed in
Sect. 7.2 by comparison with the exact approach.

6.2 Validation of the exact approach

In the exact approach, the fifth assumption is relaxed. Equations (36)–(39) are still valid to calculate themoment
and shear force along the beam and justify the second assumption for a solution obtained by the proposed
exact method. To assess the third assumption, the updated form of Eq. (40) takes the following simpler form:

Δ̂l =
∫ L

0

√
1 + y′2dx − l. (46)

To examine validity of the fourth assumption, an analysis similar to Sect. 6.1 leads to an alternative length l̂
for the unstretched length of the beam as

l̂ =
∫ L

0

√
1 + y′(x)2

1 + S cos θ(x)−P sin θ(x)
E A

dx . (47)

In this way, a valid criterion to check the fourth assumption for a solution obtained by the exact approach is

| l − l̂ |
Δl

� 1, (48)

where Δl is the beam length increase after the deflection, which is obtained from Eq. (12).
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Fig. 4 Distance z from the neutral plane in a bending beam segment

6.2.1 Normal and shear stresses

With a rectangular beam cross section and in the absence of axial force, the magnitude of normal stress due to
bending can be expressed as [9]

σb(x, z) = M(x)z

I
, z ∈

[
−h

2
,
h

2

]
, (49)

where z is the distance from the neutral plane of the beam and h is the beam thickness, as defined in Fig. 4.
Assuming the normal stress contributed by axial force is uniformly distributed over the beam cross section,
the total tensile stress can be expressed by

σ(x, z) = S cos θ(x) − P sin θ(x)

A
+ M(x)z

I
. (50)

In a rectangular beam cross section located at x , shear stress is maximum at z = 0 and can be expressed
as [20]

τmax(x) = 3Q(x)

2A
. (51)

It is also essential for the solutions of the normal and shear stresses to remain well below the yield and shear
strength values, respectively.

7 Illustrative examples

7.1 Example for approximate approach

Assume the cantilever in Fig. 2 is a silicon beam, with tilt angle ζ = 0.86◦, length l = 1mm
cos ζ

(at rest), cross-

sectional area A = 10 × 25 (µm)2, area moment of inertia I = (25µm)(10µm)3

12 , Poisson’s ratio ν = 0.29 (in
〈110〉 direction), and shear and Young’s moduli of G = 50.9GPa and E = 169GPa, respectively [11,22].
These specifications are consistent with the tilted cantilevers used in [2] for piezoresistive displacement sensing
in a MEMS nanopositioner. The rigidity ratio of the beam is approximately 0.0004, confirming the validity of
condition (1) for the Euler–Bernoulli assumptions.

Selecting data points for u in the range of u ∈ [0, 19.34] and using Eqs. (8), (21), (22), and (19), we obtain
the profiles of the axial and transverse forces S and P at the end points and the applied vertical force F versus
the vertical displacement d at the moving end, as shown in Fig. 5. Using the exact expressions (36) and (38)
for the moment and shear force in Eqs. (50) and (51), respectively, the resulting maximum normal and shear
stresses across the beam versus the displacement of the moving end are obtained as depicted in Fig. 6. We
have selected the maximum value of u (19.34) so that the maximum normal stress does not exceed the yield
strength of 7 GPa for single-crystal Si, as reported in [19]. Note that the calculated shear stress values are well
below the shear strength of single-crystal Si, whose measured value is between 1 and 1.3 GPa [18].

Using the approach mentioned in Sect. 6.1, we now examine the validity of the fourth assumption, con-
cerning the spatial variation of the tensile force along the beam. For every calculated displacement d from Eq.
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Fig. 7 The dashed curve shows the relative displacement error of
(
d̂ − d

)
/d in percentage, when considering uniform and

non-uniform spatial distributions of axial tensile force across the beam. The curve with solid line displays the relative error of(
Δl − Δ̂l

)
/Δl, due to the approximation made in (9) for the length of the long beam segment AB

(22), which is based on the uniform axial force assumption, we also obtain an alternative displacement d̂ from
(44), which results from the non-uniform profile of the axial tensile force. As shown in Fig. 7, the percentage of
the relative error between the two displacements is below 1% for displacements as large as 62.9µm. Hence, as
long as the fourth assumption is concerned, the proposed approximate approach is valid for vertical deflections
up to 6.3% of the beam length. Using Eqs. (12) and (40), the relative error in calculation of beam elongation
due to the approximation made in Eq. (9) (third assumption) is below 0.08% for vertical deflections up to
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Fig. 8 Profiles of the beam deflection y(x), bending moment M(x), and shear force Q(x) for the long beam segment AB at
d = 62.9µm. Approximate moment and shear force values are calculated by the proposed approximate approach (E I y′′ and
E I y′′′). To confirm the second assumption, more exact values are also included using Eq. (36) for moment, Eq. (38) for exact shear
force, and Eq. (39) as an alternative exact shear force expression. The percentages of relative errors in d refer to the approximate
shear force minus the exact shear force from (39), divided by the exact shear force value; and the approximate moment minus the
exact moment from (36), divided by the exact moment value

62.9 µm (see Fig. 7). Hence, the fourth assumption is much more restrictive than the third one in the proposed
approximate approach.

To examine the second assumption, we consider the deflected beam with vertical displacement of d =
62.9 µm at the moving end (u = 9.525), where the errors due to the third and fourth assumptions are less than
1%.Using Eq. (26), the deflection profile of the long beam segment AB is as shown in Fig. 8a. The approximate
and exact moment values from M = −E I y′′(x) and Eq. (36) almost overlap, as shown in Fig. 8b. Figure 8d
illustrates that the relative error between the approximate and exact moment is less than 0.75%, confirming
the validity the second assumption. Moreover, as depicted in Fig. 8c, the approximate shear force values from
Eq. (37) almost coincide with the more exact values from (38) and (39). The relative error associated with the
approximation of shear force is also less than 0.75%, further confirming the validity of the second assumption
(see Fig. 8d).

7.2 Example for exact approach

For comparison with the approximate approach, we apply the proposed exact approach to the previous beam
in Sect. 7.1. The vertical displacement–force characteristic predicted by the exact approach is shown in Fig.
9a, along with the previous result obtained by the approximate method. The percentage of error between the
two proposed methods is less than 0.4% over a large displacement range of 142µm (14% of the beam length),
as shown in Fig. 9b. The resulting relative errors between the two methods, associated with the transverse
or longitudinal forces at the end points and maximum normal or shear stresses, are also below 0.8% in the
foregoing displacement range.

To examine the third assumption for the solutions obtained by the exact approach, the increase in beam
length was calculated by the more exact expression (46) and its relative error compared to the original beam
elongation Δl = l S

AE [Eq. (12)] is shown in Fig. 10. Also shown in Fig. 10 is the expression in the left-hand
side of criterion (48) for evaluation of the fourth assumption. Similar to the approximate approach, as the
deflection is increased, the assumption of uniform axial force (fourth assumption) is more restrictive compared
to the other assumptions. Compared to the displacement range of 62.9µm for the approximate approach, in
the exact approach, the error due to the fourth assumption is below 1% for vertical displacements as large as
115µm, revealing almost twice improvement in large deflection analysis by the proposed exact method.
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Fig. 11 Deflection profiles of the beam calculated by both approximate and exact approaches, along with the difference between
them

For the same vertical displacement of d = 62.9µm at the moving end, Fig. 11 shows the deflection profile
of the beam calculated by the exact approach, where the profile obtained by the approximate approach is also
included. To compute the error shown in Fig. 11 between the two profiles, the short beam segment in the
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Fig. 13 Shear force profiles of the beam calculated by both approximate and exact approaches using −E I y′′′(x), along with the
difference between them

range of x ∈ [−δ tan ζ, 0) for the approximate approach was considered as a straight line tangent to the long
beam segment profile calculated by Eq. (26). The two deflection profiles almost overlap, and their difference
was found to be less than 0.23%. For the same displacement d , we have also calculated the profiles of the
moment and shear force in the proposed exact approach as shown in Figs. 12 and 13, where those resulting
from the approximate approach are also included. To calculate the errors in Figs. 12 and 13, the data missing
in the interval of x ∈ [−δ tan ζ, 0] for the approximate approach were generated by extrapolation. Clearly, the
results of the approximate approach are very close to the corresponding results obtained by the exact approach,
confirming the validity of straight line assumption for the short beam segment in the proposed approximate
approach (fifth assumption).

8 Finite-element verification

The theoretical results obtained from the exact and approximate approaches are compared with an FEM, using
the beam parameter values reported in Sect. 7. The model is constructed in CoventorWare software based on
the tilted beams’ structure, which has been experimentally implemented as reported in [2]. As shown in Fig.
14, two tilted beams were rigidly clamped on one end and were connected to a shuttle plate on the other end.
Due to the symmetrical geometry, the shuttle beam moves as a slider and the intended boundary conditions
are satisfied for both beams. As shown in Fig. 14, an external force 2F is applied to the shuttle plate and its
deflection was calculated as the moving end displacement d of the beams. We applied a nonlinear approach,
where the software divides the loading condition into a number of smaller increments and updates the stiffness
and flexibility matrices at each increment. In all FEM simulations, we used quadratic hexahedral elements with
27 nodes per element. Even though this solving approach is more computationally demanding compared to
the linear procedure, in which stiffness and flexibility matrices are calculated only once, it is more conducive
to predicting the actual behavior of the structure regarding its hardening characteristics.

In Fig. 15, the FEM results are reported for the nonlinear FEM along with those of the proposed models.
The slight difference between the results of nonlinear FEM and the models further confirm the validity of the
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Fig. 14 FEM for a pair of similar tilted fixed-guided beams under tension in CoventorWare
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Fig. 15 Predicted end-point force F obtained by a nonlinear FEM. The theoretical results from the proposed analytical models
are also included

proposed theoretical analyses. The small deviation of the nonlinear results at larger deflections is most likely
due to the three-dimensional (3D) meshing in the FEM analysis. The FEM is taking into account 3D stress and
strain conditions plus other phenomena such as Poisson effect, causing reduction in the cross-sectional area at
large displacements, which was assumed invariant in the proposed models.

9 Dimensionless relationships

There exist a number of parameters that specify the beam and its configuration. Dimensionless formulation of
the beam bending solutions gives more insight for design procedures. It is also helpful for generation of charts
to predict approximate solutions by inspection for arbitrarily assigned parameters.

The proposed approximate formulation of the tilted fixed-guided beam allows us to obtain alternative
dimensionless expressions for the solution (L replaced by l in (3)–(11)). Using Eqs. (8), (19), (21), and (22)
and introducing the following dimensionless parameter and function:

α = l tan ζ√
8Rg

, (52)

ϕ(α, u) = αη(u) +
√

α2η2(u) + u2 f (u), (53)

where Rg := √
I/A is the beam gyradius, we obtain the following dimensionless expressions for the transverse

force, vertical displacement, and vertical force at the moving end:
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P(α, u) := P

P0
= u2

ϕ(α, u)
, (54)

d(α, u) := d

d0
= η(u)P(α, u), (55)

F(α, u) := F

F0
= αu2 + P(α, u), (56)

where the constants P0, d0, and F0 have dimensions of force, displacement, and force, respectively, and are
defined as:

P0 = 8
√
2E I Rg

l3
; d0 =

√
8Rg

cos ζ
; F0 = P0 cos ζ. (57)

We can also obtain a dimensionless expression for the beam stiffness in the transverse direction as

K (α, u) := K

K0
= 1 + αϕ(α, u)

η(u)
, (58)

where

K := F

d
; K0 := F0

d0
= 4E I cos2 ζ

l3
. (59)

Calculation of differential stiffness, which is the slope of force–displacement characteristic, is also important
in many applications such as prediction of resonance frequencies and small displacement analyses of flexible
structures. Before calculating the differential stiffness, it is required to obtain the following derivative of the
dimensionless transverse force:

P
′
(α, u) := ∂P

∂u
=

2uϕ − u2
(

αη′ + α2ηη′+u f + u2 f ′
2√

α2η2+u2 f

)

ϕ2(α, u)
, (60)
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Fig. 16 Solid blue lines represent the dimensionless vertical force–displacement characteristics of the moving end in the tilted
beam for various values of parameter α defined in (52). Contours of constant dimensionless maximum normal and shear stresses
are also included by dashed red and dashed dotted black lines (color figure online)
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where the prime symbol refers to a differentiation w.r.t. u while all parameters are constant. The derivatives
of the functions f (u) and η(u) in (60) can be expressed as:

f ′ =
(
15 + 7u tanh u − 2u2

cosh2 u

)
tanh u − 15u

2u6
, (61)

η′ = u tanh2 u + 3 tanh u − 3u

u4
. (62)

In this way, a dimensionless differential stiffness is obtained in the following form:

Kd(α, u) := Kd

K0
= 2αu + P

′
(α, u)

η′(u)P(α, u) + η(u)P
′
(α, u)

, (63)

where Kd := ∂F
∂d = F ′

d ′ is the differential stiffness.
Dimensionless expressions for maximum normal and shear stresses are also achievable if the beam cross

section is rectangular. The first term in the normal stress expression (50) is maximized at the end points, where
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the deflection angle θ is zero. The maximum values of the absolute bending moment |M| also occur at the
end points, as depicted in Figs. 8b and 12. Using Eqs. (4), (8), (54), and (57), the maximal normal stress is
obtained as:

σmax = S

A
+ M0h

2I
= 4E I

l2A

[
u2 + hu tanh u√

2Rgϕ(α, u)

]
. (64)

For a rectangular beam cross section with the dimensions shown in Fig. 4, the second moment of inertia is
I = bh3

12 and the gyradius is Rg = h√
12
. We can now define a dimensionless maximum normal stress in terms

of α and u as

σmax(α, u) := σmax

σ0
= u2 +

√
6u tanh u

ϕ(α, u)
; σ0 := 4E I

l2A
. (65)

Referring to Figs. 8c and 13, the magnitude of the shear force is also maximum at the end points. Hence, for
the rectangular cross section, Eqs. (38) and (51) present τmax := 3P

2A as the maximummagnitude of shear stress
along the beam and we obtain the following dimensionless formula for the maximum shear stress:

τmax(α, u) := τmax

τ0
= P(α, u); τ0 := E√

6

(
h

l

)3

. (66)

Usingu as a common independent variable andfixingα, we can useEqs. (55) and (56) to generate dimensionless
force–displacement charts, as depicted in Fig. 16. Also shown in Fig. 16 are contours of constant dimensionless
maximum normal and shear stress values.

As shown inFig. 17, dimensionless chartswith constant stress contours for stiffness and differential stiffness
can also be produced for different fixed values of α, using Eqs. (58) and (63). Details of generating the constant
dimensionless maximum stress contours are reported in the Appendix.

Remark 3 The dimensionless expressions and charts introduced in this section can be used to predict static
solutions of a fixed-guided tilted beam by the proposed approximate approach. However, in addition to yield
and shear strength limits, the five assumptions mentioned in Sect. 6 are generally required to be examined, as
illustrated in the examples. Note that dimensionless representation of the proposed exact approach solutions is
not as straightforward as the approximate approach. For example, ifwe consider twobeamswith the samevalues
of α and different thicknesses and tilt angles, the resulting dimensionless force–displacement characteristics
obtained by the approximate approach overlap for both beams, while those obtained by the exact approach
show a growing difference with the displacement, as illustrated in Fig. 18. However, the results of the exact
approach in Fig. 18 are in good agreement with that of the approximate approach within the displacement
ranges that do not exceed the yield and shear strength limits.
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10 Conclusions

We proposed an exact analytical modeling approach for fixed-guided flexible beams under static tension,
which involves an algebraic cubic equation. We also proposed an alternative approximate approach, leading to
compact-from solutions for deflection, axial, and transverse forces. In the approximate approach, the deflection
profile for a very short segment at one end of the beam is approximated by a straight line, leading to an algebraic
quadratic equation. Alternative expressions were obtained for numerical calculations, which do not involve
any indeterminate or exponentially growing functions. We also proposed methods to justify the assumptions
made, after obtaining a solution. Applications of the proposed approaches were illustrated by simulations on a
silicon suspension beam that functions as a piezoresistive MEMS sensor. The exact approach was also used to
validate the approximate approach regarding the straight line assumption. Based on the approximate approach,
we also obtained dimensionless expressions and charts for the beam solutions, which are applicable to predict
the static response for arbitrarily assigned parameters. The maximum magnitudes of the normal and shear
stresses were included in the analyses to consider the effect of limiting structural factors such as yield and
shear strengths.

Acknowledgments This work was supported by the Australian Research Council and The University of Newcastle.

Appendix

To generate contours of constant dimensionless maximum normal stress, assume σmax is a known constant
value and use (65) to obtain ϕ in terms of u as:

ϕ(u, σmax) =
√
6u tanh u

σmax − u2
. (67)

Having known ϕ from (67), we can solve Eq. (53) for α in the following form:

α(u, σmax) = ϕ2(u, σmax) − u2 f (u)

2η(u)ϕ(u, σmax)
. (68)

In Fig. 16, the dimensionless displacement and force values associated with a maximum normal stress contour
are obtained from Eqs. (54)–(56), after replacing ϕ and α from (67) and (68), respectively. Similar replace-
ments are applied to Eqs. (54), (55), (58), (60), and (63) to generate the coordinate values for the maximum
dimensionless normal stress contours in Fig. 17.
For a constant maximum dimensionless shear stress contour, where τmax is fixed and known, the value of
P(α, u) is readily available from (66) as

P = τmax. (69)

Using (53) and (54), we have:

ϕ(u, τmax) = u2

τmax
, (70)

α(u, τmax) = u2 − τ 2max f (u)

2η(u)τmax
. (71)

Selecting values of u in appropriate ranges and applying the replacements presented by (69)–(71) to the
dimensionless expressions for displacement, force, stiffness, and differential stiffness, we obtain coordinate
values for constant dimensionless maximum shear stress contours in Figs. 16 and 17.
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