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Multimode Q Control in Tapping-Mode AFM:
Enabling Imaging on Higher Flexural Eigenmodes

Michael G. Ruppert, Student Member, IEEE, and S. O. Reza Moheimani, Fellow, IEEE

Abstract— Numerous dynamic atomic force micros-
copy (AFM) methods have appeared in recent years, which make
use of the excitation and detection of higher order eigenmodes of
the microcantilever. The ability to control these modes and their
responses to excitation is believed to be the key to unraveling
the true potential of these methods. In this paper, we highlight a
multimode Q control method that exhibits remarkable damping
performance and stability robustness. The experimental results
obtained in ambient conditions demonstrate improved imaging
stability by damping nondriven resonant modes when scanning
is performed at a higher eigenmode of the cantilever. Higher
scan speeds are shown to result from a decrease in transient
response time.

Index Terms— Atomic force microscopy, controller design,
optimization, positive position feedback (PPF), Q control,
resonant control, vibration control.

I. INTRODUCTION

IN atomic force microscopy (AFM), a microcantilever oper-
ated in dynamic mode is a versatile and sophisticated

means of interrogating samples at the nanoscale to study
topographical features and inherent material properties. As the
nonlinear interaction force between the tip of the cantilever and
the sample surface cannot be controlled directly, conventional
methods use the cantilever’s response to this force to probe the
surface. Responses such as the shift in cantilever resonance
frequency in frequency modulation AFM (FM-AFM) [2] or
the change in oscillation amplitude in tapping-mode AFM
(TM-AFM) [3] have been used successfully.

In conventional TM-AFM experiments, the microcan-
tilever is excited close to its fundamental eigenmode. Under
reasonably gentle interaction forces, the resulting dynam-
ics during imaging are well captured by modeling a single
harmonic oscillator with equivalent mass, quality (Q) factor,
and stiffness. However, a real cantilever has an infinite number
of flexural and torsional eigenmodes. Typically, a higher
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flexural eigenmode exhibits a large Q factor in ambient
conditions, as well as an increased dynamic stiffness and a
faster transient response and is therefore of great interest to
dynamic AFM methods [4].

The benefits of using higher eigenmodes in FM-AFM are
controversial. On the one hand, a small free air amplitude and
increased dynamic stiffness of the higher eigenmode enable
the probe to remain within the decay length of the short
range interaction forces [5], [6]. It has been observed that this
leads to enhanced signal-to-noise ratio due to larger frequency
shifts of the higher eigenmode [7]. On the other hand, it has
been reported that the Q factor of higher eigenmodes may
decrease, particularly in ultrahigh vacuum, which suggests that
sensitivity cannot be increased [8]–[10].

It was noted early on that if stable imaging is possible on
a higher eigenmode in TM-AFM, the phase contrast due to
material impurities will be significantly higher than on the
fundamental eigenmode [11]. Similar results for soft samples
are obtained whereas significant imaging instabilities for hard
samples have been noticed [12]. These instabilities may result
from the excitation of lower order eigenmodes due to the
nature of the nonlinear tip-sample force. Such effects can be
greatly reduced by heavily damping these nondriven lower
resonant modes.

Originally introduced to modify the Q factor of the fun-
damental mode of the cantilever [13], Q control has led to
a number of advances in TM-AFM. By actively damping the
cantilever resonance, an increase in scan speed is achieved
[14] while actively increasing the quality factor was shown
to be beneficial to imaging sensitivity and to promoting
imaging in the attractive regime [15]. The common method
for active modification of the cantilever Q factor is based on
differentiating or phase shifting the deflection signal to obtain
velocity feedback [16]. While this time-delay method remains
an easy-to-implement solution for practitioners, it comes with
a number of disadvantages such as the restriction to controlling
a single mode, nonrobust stability properties [16]–[18] leading
to limited damping performance [19] and a nonlinear relation-
ship between the feedback gain and desired Q factor [20].
This problem can be overcome by using integrated actuation,
e.g., via a piezoelectric layer which enables the utilization of
resonant controllers that guarantee robust closed-loop stability
when used in a collocated sensor-actuator environment [21].

Previously, we have demonstrated how imaging on the
second eigenmode with a lower Q factor leads to improved
tracking performance at high scan speeds in TM-AFM for
rectangular scan gratings [22]. Recently, we have also shown
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Fig. 1. Schematic setup of the AFM feedback system highlighting the main components and internal feedback nature of the cantilever in contact with a
sample.

experimental results on controlling multiple Q factors in
multifrequency AFM [23], which opens up new possibilities
in gaining additional insights into the increased phase contrast
obtained on the higher eigenmodes. In this contribution, the
authors extend their previous work to the third eigenmode
showing improved imaging stability and higher cantilever
bandwidth while imaging nanometer features. First, we present
a detailed review of the properties of higher order eigenmodes
of the cantilever which, when properly used, can extend
the versatility of the AFM operated in tapping-mode under
ambient conditions. In contrast to the conventional time-
delay method, our multimode Q control approach enables the
suppression of nondriven lower order eigenmodes while at
the same time offering flexible control of the driven eigen-
mode. The approach benefits imaging stability and renders
the higher eigenmode dominant. The class of controllers used
demonstrates remarkable damping performance and can be
easily implemented using the standard deflection measurement
of the microcantilever. Robust stability is shown to result
from the collocation of actuation and sensing and intuitive
robust stability results are presented which explain the high
damping performance even if the negative imaginary (NI)
property of the cantilever is violated. The experimental results
obtained on the second and third eigenmodes verify that an
increase in cantilever bandwidth can be achieved which yields
better topography tracking of small features without sacrificing
imaging stability.

II. HIGHER EIGENMODES OF THE MICROCANTILEVER

IN ATOMIC FORCE MICROSCOPY

A. AFM Feedback System

A block diagram of the AFM operating in tapping-mode
is shown in Fig. 1, highlighting the main components of the
z-axis feedback loop. While the cantilever is in contact with
the sample, it experiences forces due to its direct excitation Fd

and due to the nonlinear tip-sample force Fts. The latter is a
function of the distance between the cantilever tip and the
sample, i.e., the sum of the controlled z-distance between the
sample and cantilever holder and the cantilever’s actual fed-
back tip position. When the cantilever is oscillating in steady
state, the output of the z-axis controller is used as a topography
estimate.

B. Properties of the Higher Eigenmodes

1) Time Constant: For a single-mode approximation of the
cantilever, the transient response exponentially decays with
the time constant τ = 2Q/ω0 [24] which is a function of

the Q factor and resonance frequency ω0 and dictates the
approximate cantilever bandwidth of

fc = f0

2Q
. (1)

A fast-decaying transient response is desirable since the output
of the z-axis controller only resembles the surface topogra-
phy when the cantilever is oscillating in steady state. Thus,
when operated at a higher resonant frequency, the cantilever
reacts faster to tip-sample forces, allowing the gain of the
regulating z-axis controller to be increased, which yields better
topography tracking.

2) Q Factor: In contrast to findings in air where the quality
factor of higher flexural eigenmodes increases [4], [25], in
vacuum the Q factor of higher order modes was shown to
decrease [8]–[10]. This phenomenon could be explained by
the different damping mechanisms taking place. In a gaseous
environment, viscous damping plays an important contribution
and is shown to decrease with increasing mode number [26]
due to the faster and smaller cantilever oscillations. However,
in vacuum viscous damping reduces to zero and internal
friction dominates the damping, which increases for higher
eigenmodes due to higher stress in the structure [9]. From (1),
it can be seen that the cantilever bandwidth while imaging
with higher resonance frequencies is additionally increased by
lowering the Q factor.

3) Dynamic Cantilever Stiffness: Quantitative AFM mea-
surements require the knowledge of the spring constant of
the cantilever. In quasi static AFM modes, such as force
spectroscopy, the static spring constant kc needs to be deter-
mined. The fact that the static spring constant is dominated
by the spring constant of the fundamental eigenmode of the
cantilever has resulted in the two being rarely distinguished
from each other for dynamic AFM experiments involving the
fundamental eigenmode only [27], [28]. However, when using
higher eigenmodes, the dynamic spring constant kn of the
active eigenmode, which was shown to increase drastically
with the mode number, needs to be determined [28].

Between the two most popular methods for calibrating can-
tilever spring constants, namely Sader’s method [29] and the
thermal noise method [30] (and its improved version in [31]),
only the latter was found to be suitable for the characterization
of higher eigenmode spring constants since this method does
not require the knowledge of higher eigenmode shapes which
are strongly affected by mass inhomogeneities such as the tip
mass [28].

4) Thermal Noise: The theoretical vertical resolution in
AFM is most prominently limited by thermal noise in the
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TABLE I
Q FACTORS (Qi ), MAGNITUDE AT RESONANCE (Mi IN DECIBELS), AND MODESHAPES OF THE FIRST SIX FLEXURAL EIGENMODES

OF THE PIEZOELECTRIC CANTILEVER MEASURED BY THE AFM OPTICAL LEVER SENSOR AND WITH AN MSA-400
AT THE CANTILEVER END (MSA E), MIDDLE (MSA M), AND BASE (MSA B) AS INDICATED IN FIG. 2

cantilever oscillation signal [32]. Based on the equipartition
theorem, for rectangular cantilevers in free air with constant
cross section, the overall mean-square deflection of the can-
tilever caused by thermal vibrations ȳ depends on the absolute
temperature T, cantilever spring constant k, and the deflection
sensing method [31]. In particular, it has been shown that ȳ
is the sum of the mean-square deflection of each vibration
mode ȳi and can be expressed as

ȳ2 =
∞∑

i=1

ȳ2
i = 12kBT

k

∞∑

i=1

1

α4
i

(2)

where kB is the Boltzmann constant and αi are the solutions
to the mode shape equation. It can be seen that the thermal
vibration amplitude of higher eigenmodes rapidly decreases
with α−4

i . When the optical lever technique is employed, the
thermal noise is determined by the slope of the cantilever
which adds a scaling factor to (2) and causes nonvanishing
thermal noise even during contact with a hard sample [31].

5) Force Sensitivity: Obtained by applying energy conser-
vation principles and the virial theorem, widely used analytical
formulas which describe average tip-sample force F̄ts [33] and
average power dissipation P̄ts [34] for dynamic AFM have
been derived

F̄ts = A0k

2Q

√

1 −
(

A

A0

)2

(3)

P̄ts = kω

2Q
(AA0 sin φ − A2). (4)

These formulas are based on the assumption that an equiva-
lent point mass spring damper system with stiffness k, quality
factor Q, and resonance frequency ω is adequate to describe
the cantilever dynamics and A0, A and φ denote free-air,
in-contact amplitude, and phase, respectively. In particular,
this model neglects the effect of higher (other) eigenmodes
of the cantilever and assumes that constant hydrodynamic
damping of the cantilever (Q factor is independent of tip-
sample separation) [35]. As these equations were derived using
a fundamental mode approximation, k is usually assumed to be
equal to the static stiffness kc. When these equations are used
for higher modes, care must be taken to use the equivalent
stiffness of the higher eigenmode which differs drastically

Fig. 2. Layout of the PSD and LDV measurements at different locations on
the piezoelectric cantilever.

from kc and also consider the effect of tip mass on the modal
stiffness of higher modes [27].

C. Influence of the Deflection Sensor

The commonly used optical lever technique [36] measures
the bending of the cantilever y ′(x) = dy(x)/dx rather than
the displacement y(x) by reflecting off a laser beam at
a position x along the cantilever onto a position sensitive
detector (PSD). The proportionality factor that relates bending
and displacement for the static case was found for flat straight
bar cantilevers [37] but has to be adapted for higher order
bending modes [38].

Experimentally, the tip displacement yi (x) of the i th mode
can be related to the PSD output yPSD,i at that mode via the
inverse optical lever sensitivity (invOLS) [39] of the i th mode
of the PSD

yi (x) = invOLSi yPSD,i. (5)

Conventionally, the invOLS is obtained from the linear contact
regime of a quasi-static force curve [40] but due to the nature
of slope detection, the calibration of the invOLS needs to
be performed on the active eigenmode. In general, it was
shown that optical lever sensitivity is increased for higher order
eigenmodes due to the increasing slope of the mode shapes at
the cantilever end [41]–[44].

To investigate the increase in sensitivity, the frequency
response of a cantilever used in this work (see Section III-A)
is measured with the optical lever method, using the PSD of an
NT-MDT NTEGRA atomic force microscope, and with laser-
doppler vibrometry (LDV), using a Polytec MSA-400 micro
system analyser, at three different locations along the can-
tilever as indicated in Fig. 2. The results are shown in Fig. 3(a),
where the measurements taken with the MSA-400 are scaled in
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Fig. 3. (a) Frequency response data measured with the PSD (−) and using the MSA-400 at the piezoelectric cantilever end (MSA E) ( ),
middle (MSA M) ( ), and base (MSA B) ( ). (b) Frequency response data measured with the PSD (−) of an NT-MDT NSG01 base-excited cantilever.

magnitude to fit the measurement taken with the optical lever
method to match on the first resonance mode. The magnitude
response at each resonance frequency as well as the equiv-
alent Q factor of each eigenmode are calculated by fitting a
second-order transfer function and are shown in Table I. It can
be observed that the optical lever measurement method leads
to much larger magnitudes for higher eigenmodes than the
true displacement measurements. This has the aforementioned
positive impact on the sensitivity of measurements associated
with these modes. Furthermore, we note that the frequencies of
the zeros most prominently depend on the sensor position and
while it appears that the Q factor is generally high for higher
eigenmodes, it does not appear that the Q factor increases
monotonically. This observation can be related to the deviation
from a perfect rectangular cantilever without tip mass. As a
comparison, the frequency response of a standard noncontact
base-excited cantilever such as the NT-MDT NSG01 is shown
in Fig. 3(b). While the first two resonant modes can be clearly
identified, there exists no structured controller that would be
capable of controlling those two modes simultaneously due to
the high number of additional complex dynamics present. This
fact emphasizes the need for integrated actuation.

III. MULTIMODE Q CONTROL

A. System Modeling

Taking a closer look at the cantilever subsystem of the
AFM feedback loop highlighted in Fig. 1 provides more
insight into the cantilever dynamics and the cantilever sub-
system is shown in the block diagram in Fig. 4. Here, the
cantilever is considered as a two-input (driving force and tip-
sample force) single-output (deflection) system. The schematic
and an image of the piezoelectrically actuated cantilever used
in this work are shown in Fig. 5(a) and (b), respectively.
When a voltage signal V (t) is applied to the electrodes of the
piezoelectric layer, it expands and contracts with a force Fd (t)
in the direction of the longitudinal axis of the cantilever. Since
the cantilever is clamped at one end, this force creates a
moment which translates into a displacement y(t) at the free
end. The tip-sample force Fts(d, t) acts on the cantilever tip
and is collocated with the tip displacement.

When the cantilever is far away from the sample, the
nonlinear block Fts(d, t) ≡ 0 and the cantilever is oscillating

in free air with y(t) = yu(t). When the cantilever is engaged
with the sample, the deflection becomes disturbed by yw(t),
which is due to the nonlinear force input to Gw(s). The two
transfer functions Gu(s) and Gw(s) describe the input-output
relationship from actuation input through the piezoelectric
layer to cantilever displacement and from tip-sample distur-
bance input to cantilever displacement, respectively [45]. Since
both transfer functions describe the same physical system,
the location of the poles will be identical. However, the
location of the zeros being a specification of the input–
output behavior will differ yielding different transfer functions.
Specifically, a cantilever with bonded piezoelectric transducer
can be described by an infinite number of second-order modes
of the form [21]

Gu(s) =
∞∑

i=1

αiω
2
i

s2 + ωi
Qi

s + ω2
i

, ωi , Qi > 0, αi ∈ R (6)

Gw(s) =
∞∑

i=1

βiω
2
i

s2 + ωi
Qi

s + ω2
i

, βi , ωi , Qi > 0 (7)

where each second-order mode is associated with a specific
vibrational mode shape and is characterized in terms of
the respective resonant frequency ωi , quality factor Qi , and
gain αi/βi . Gu(s) permits nonpositive αi , whereas in Gw(s)
all βi are positive leading to a collocated transfer function.
This is expected since actuation and sensing take place at
the same location on the cantilever. When these structures
are modeled by considering only the first N modes, the
resulting modeling error can be accommodated for by adding
feedthrough terms Du/Dw [46]

Gu(s) =
N∑

i=1

αiω
2
i

s2 + ωi
Qi

s + ω2
i

+ Du (8)

Gw(s) =
N∑

i=1

βiω
2
i

s2 + ωi
Qi

s + ω2
i

+ Dw. (9)

The transfer function G of a system is said to be NI if it is
stable and satisfies the condition [47]

j
[
G( jω) − G∗( jω)

] ≥ 0 ∀ω > 0. (10)
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Fig. 4. Block diagram of the cantilever subsystem highlighting the feedback
nature of the cantilever engaged with a sample.

Fig. 5. (a) Simplified schematic (side view) and (b) image (top view) of the
piezoelectric cantilever.

Moreover, G is strictly NI (SNI) if (10) holds with a strict
inequality sign. It is straightforward to show that

j
[
Gw( jω) − G∗

w( jω)
] =

∞∑

i=1

2βiωiω
1

Qi

(
ω2

i − ω2
)2+

(
ωiω

1
Qi

)2 > 0

(11)

with βi > 0, Qi > 0, and ωi > 0 and all the poles of (7) lie in
the open half of the complex plane, thus rendering Gw(s) SNI.
Whether or not Gu(s) is NI depends on the location of
actuation and sensing. It could be seen in Fig. 3(a) that
interlacing poles and zeros occur by moving the deflection
sensor closer to the base. As the position of the laser spot is
usually selected by the AFM user, no further conclusions are
drawn on the NI property of Gu(s) when using the optical
lever method.

B. Positive Position Feedback Controller

The positive position feedback (PPF) controller [48] can be
used to control M modes of the microcantilever and is of the
form

KPPF(s) =
M∑

i=1

γc,i

s2 + 2ζc,iωc,i s + ω2
c,i

(12)

with γc,i , ζc,i , and ωc,i being the tunable controller parameters.
From its structure, it can be verified immediately that it
satisfies the SNI property if γc,i , ζc,i , and ωc,i > 0. The
NI lemma states that the positive feedback interconnection of
an SNI plant and an NI controller is internally stable if and
only if the dc-gain condition G(0)K (0) < 1 is satisfied [49].

For systems with mixed NI and finite-gain properties, the
stability of the positive interconnection can also be shown
using the notion of dissipativity [50].

If the plant cannot be guaranteed to be NI, a PPF controller
design method can be derived as follows. Consider the single-
mode approximation of the cantilever by setting i = 1 in (8)
in the time-domain

ẍ(t) + ω

Q
ẋ(t) + ω2x(t) = αω2u(t) (13)

y(t) = αω2x(t) + Du(t) (14)

with a nonzero feedthrough term D and the PPF controller

ẍc(t) + 2ζcωc ẋc(t) + ω2
c xc(t) = γc y(t) (15)

u(t) = γcxc(t). (16)

The closed-loop system is obtained by substituting (16) in (13)
and (14), (16) in (15) and defining z = [x(t) xc(t)]T, which
yields

z̈ +
⎡

⎣
ω

Q
0

0 2ζcωc

⎤

⎦

︸ ︷︷ ︸
E=ET

ż+
[

ω2 −γcαω2

−γcαω2 ω2
c − γc Dγc

]

︸ ︷︷ ︸
K=K T

z = 0. (17)

By choosing the state space variables Z = [z ż]T, (17) can
be rewritten as

Ż =
[

0 I
−K −E

]
Z (18)

where I is the identity matrix. Assuming E > 0 and K > 0,
the Lyapunov stability of (18) can be shown with [21]

V (Z) = Z T
[

K + τ I τ I
τ I I

]
Z ≥ 0 (19)

V̇ (Z) = Z T
[−2τ K 0

0 2(τ I − E)

]
Z < 0 (20)

where 0 ≤ τ ≤ λmin(E). For E to be positive definite, all
eigenvalues must be positive and since E is in diagonal form

E > 0 ⇐⇒ Q > 0, ω > 0, ζc > 0, ωc > 0. (21)

For K to be positive definite, the definition in (17) can be
rewritten as[

ω2 −γcαω2

−γcαω2 ω2
c

]
−

[
0
γc

]
D

[
0 γc

]
> 0. (22)

Applying the Schur-complement yields a linear matrix inequal-
ity (LMI) in the variables γc and ω2

c⎡

⎣
ω2 −γcαω2 0

−γcαω2 ω2
c γc

0 γc D−1

⎤

⎦ > 0. (23)

Therefore, the conditions (23) and ζc > 0 from (21)
which determine the stability of the PPF controller in positive
feedback with a single-mode plant can be written as an LMI
which is a convex problem [51]. Determining the stability of
such a feedback system is a convex optimization problem and
is also known as the feasibility problem [52]. Moreover, the
convex constraint can be exploited for the controller design
to ensure closed-loop stability, which will be discussed in the
following section.
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Fig. 6. Left: Bode plot of the first mode of open-loop (−) and closed-loop
system with H-∞ norm minimization PPF controller ( ). Right: Pole-zero
map of open-loop (×, ◦) and closed-loop ( ) system.

C. Controller Design

Controller design is carried out for each eigenmode
of the cantilever individually by appropriately setting i
in (8) and (12). To achieve maximum damping of an eigen-
mode, the controller design is formulated as an optimization
problem of the form

min
γc,ζc,ωc

‖Gcl( jω)‖∞

s.t. 0 < ζc ≤ ζc,max

0 < ωc ≤ ωc,max⎡

⎢⎣
ω2 −γcαω2 0

−γcαω2 ω2
c γc

0 γc D−1

⎤

⎥⎦ > 0 (24)

where the cost function is the H∞-norm of the closed-loop
system

‖Gcl( jω)‖∞ = max
ω

|Gcl( jω)| (25)

which corresponds to the peak gain of the frequency response.
The constraints ζc,max and ωc,max correspond to restrictions
on the implementation. Notice that while minimizing the
H∞-norm of an affine function is a convex problem [53], the
objective function in this case is nonlinear in the optimization
variables γc, ζc and ω2

c , hence rendering the overall problem
nonconvex. Here, we chose to minimize the H∞-norm of the
closed-loop system as it resembles minimizing the maximum
peak in the frequency response which corresponds to the
resonance peak. Other choices are possible such as minimizing
the H2-norm which also has a control system interpretation in
terms of minimizing the output variance of the system when
excited by a white noise input signal [53].

Simulation results are presented in Fig. 6. The optimization
routine places the closed-loop poles deeper in the left half of
the complex plane, leading to a damped frequency response.
However, the separation of closed-loop poles yields two peaks

around the resonance frequency which is disadvantageous if
AFM scans were to be obtained with that resonant mode.

In order to design a controller for an eigenmode to be
suitable for AFM imaging, a different approach has to be
taken that exactly places the real part of the closed-loop poles
�(pi,cl) at a desired location pi,des by finding a solution to
the optimization problem of the form

min
γc,ζc,ωc

J (γc, ζc, ωc)

s.t. 0 < ζc ≤ ζc,max

0 < ωc ≤ ωc,max⎡
⎢⎣

ω2 −αω2γc 0

−γcαω2 ω2
c γc

0 γc D−1

⎤
⎥⎦ > 0. (26)

Here, the cost function

J (γc, ζc, ωc)=
4∑

i=1

(pi,des−�(pi,cl))
2+

4∑

i=3

∣∣pi,cl − pi−2,cl
∣∣2

(27)

penalizes the difference between the desired and actual pole
locations and between poles that correspond to the same open-
loop poles if the closed-loop poles are ordered in descending
order. The method ensures a defined shape of the resonance
peak which is suitable for AFM imaging. Unlike the nonlinear
relationship of feedback gain and resulting Q factor using
time-delay Q control [20], this approach has a inverse pro-
portional relationship between the desired effective Q factor
Q∗ and the desired real part of the closed-loop poles via the
second-order approximation

�(pi) = ω2

−2Q∗ . (28)

Notice that the objective function is nonlinear in the opti-
mization variables γc, ζc, and ω2

c , hence rendering the over-
all problem nonconvex. However, in practice, initialization
of the optimization problem with a feasible set calculated
from (23) and (21) yields good convergence and damping
performance as can be seen in the simulated example in Fig. 7.
It can be seen that closed-loop poles do not separate resulting
in an adequately shaped resonance peak, suitable for AFM
imaging.

D. Stability Properties

The sum of the single-mode PPF controllers resulting from
the above design procedures yields a multimode PPF controller

K (s) =
2∑

i=1

γc,i

s2 + 2ζc,iωc,i s + ω2
c,i

(29)

which completely damps nondriven eigenmodes and suit-
ably lowers the Q factor of the driven eigenmode. Fig.
8 shows the frequency response of the resulting controller
for a cantilever with interlacing poles and zeros up to
the second eigenmode, such as in Fig. 3(a). It can be
observed that the control energy is focused around the res-
onance peaks and the controller gain rolls off quickly at
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Fig. 7. Left: Bode plot of the second mode of open-loop (−) and closed-loop
system with pole optimization PPF controller ( ). Right: Pole-zero map of
desired pole location (+), open-loop (×, ◦) and closed-loop ( ) system.

Fig. 8. Bode plot of first eigenmode PPF controller (−−), second eigenmode
PPF controller ( ), and multimode Q controller ( ).

higher frequencies, benefiting the nonexcitement of higher-
order eigenmodes. At the resonance frequencies, the phase
crosses −90◦, which resembles velocity feedback at that
frequency, resulting in a reduction in the Q factor. Fur-
thermore, it can be seen that the phase remains within the
bounds [0◦,−180◦], which is a property of single input single
output NI systems. The positive feedback connection of such
an SNI controller with an NI plant as shown in Fig. 3(a)
is guaranteed to be robustly stable with a gain margin of
Gm = (Gi (0)Ki (0))−1 corresponding to the dc-gain condi-
tion [49].

If the transfer function of a single-mode G j (s) of the
cantilever violates the NI property because α j < 0 and
therefore no complex conjugate zero pair lies between adjacent
complex conjugate pole pairs (compare Fig. 9), the above
design procedure to lower the Q factor of the respective
mode will yield a PPF controller K j (s) with γc, j < 0.
Note that in this case −G j (s) and −K j (s) satisfy the SNI
property and the poles of their positive feedback connection

Fig. 9. Bode plot showing the measured open-loop frequency response (−·−),
its identified model ( ), and the measured closed-loop frequency
response ( ) for imaging on the second eigenmode.

TABLE II

PARAMETERS OF THE FIXED STRUCTURE MODEL

1 − (−G j (s))(−K j (s)) are the same as 1 − (G j (s))(K j (s)),
which is therefore robustly stable if the dc-gain condition
G j (0)K j (0) < 1 is satisfied.

For the overall multimode Q controller (with mixed
NI property) in positive feedback with the multimode plant
(with mixed NI property), stability analysis is carried out using
the Nyquist criterion of the open-loop chain −K (s)G(s); the
stability margins are stated in Section IV-A. In addition, the
gain of the multimode PPF Q controller rolls off quickly for
higher frequencies benefiting the nonexcitement of unmodeled
higher order eigenmodes of the cantilever.

IV. EXPERIMENTAL RESULTS

A. System Identification

The AFM cantilever used in this work is the
piezoelectric self-actuated silicon microcantilever described
in Section III-A. Frequency response data were obtained by
performing a sinusoidal sweep using a Zurich Instruments
HF2LI lock-in amplifier. Using frequency domain subspace
identification [54], a sixth-order state space model was
obtained for the first three eigenmodes of the cantilever. From
the model, the fixed structure form (8) for n = 3 is calculated
with parameters shown in Table II.

Following the design procedures discussed in Section III-C,
the multimode controllers were implemented on a field-
programmable analog array (FPAA). The Anadigm AN221E04
FPAA offers sufficient bandwidth and provides enough flexi-
bility through configurable analog modules to control resonant
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Fig. 10. Bode plot showing the measured open-loop frequency response
(− · −), its identified model ( ), and the measured closed-loop frequency
response ( ) for imaging on the third eigenmode.

modes up to 400 kHz. The measured open-loop frequency
response along with its identified model and the measured
closed-loop frequency responses are shown in Figs. 9 and 10.
Note that this specific cantilever does not show interlacing
poles and zeros up to the second eigenmode; however, the
design procedure yields a PPF controller which performs
equally well.

To demonstrate imaging on the second eigenmode, the first
resonance was heavily damped by 34 dB. In addition, the
Q factor of the second eigenmode was set to Q∗

2 ≈ 60
resulting in 11 dB damping while leaving the third reso-
nance unaffected. The measured frequency response is shown
in Fig. 9. To demonstrate imaging on the third eigenmode,
the first and second resonances were heavily damped by
34 and 24 dB, respectively, in order to render the third reso-
nance dominant. The measured frequency response is shown
in Fig. 10. The stability margins extracted from the measured
open-loop chain −K (s)G(s) (not shown) for the two closed-
loop systems are Gm = 25.4 dB at 106 kHz for the system
in Fig. 9 and Gm = 18.7 dB at 315 kHz for the system
in Fig. 10. As will be discussed, both systems yield
an increased effective cantilever bandwidth and therefore
improved image quality.

B. Imaging Stability

In order to achieve stable imaging conditions on the higher
eigenmode, the lower nondriven eigenmodes need to be
damped as much as possible to prevent spontaneous excitation
through the nonlinear tip-sample force. This is demonstrated
in Fig. 11 where the cantilever is excited at its third resonance
frequency and tapping a TGZ1 calibration grating at a setpoint
of 88%. In Fig. 11(a) and (c), the uncontrolled lower eigen-
modes are spontaneously excited, leading to unstable can-
tilever oscillations. The contribution of the lower two flexural

Fig. 11. Time-domain deflection signal of the cantilever tapping at the
third eigenmode for (a) open-loop and (b) using multimode Q control at
a setpoint of 88%. Power spectral density estimate of the deflection signal for
(c) open-loop and (d) using multimode Q control.

eigenmodes M1 and M2 as well as a lower torsional mode
T1 is clearly visible in the power spectral density estimate.
In Fig. 11(b) and (d), the lower eigenmodes are damped thus
preventing excitation for the same setpoint. The estimate was
obtained from the time-domain deflection signal sampled at
5 MHz using Welch’s overlapped segment averaging estimator
with eight sections windowed with the Hamming window and
an overlap of 50%.

C. AFM Experiments

This section shows how imaging on higher order eigen-
modes and/or additionally lowering the quality factor increases
the effective cantilever bandwidth, which leads to improved
topography tracking. As a consequence of lowering the
Q factor, the drive voltage is adapted for each experiment
in order to maintain the same free air amplitude. Furthermore,
according to (3), the imaging setpoint needs to be adapted as
a consequence of the higher dynamic stiffness of the higher
order mode and lower Q factor in order to maintain an equal
average tip-sample force and therefore comparable imaging
conditions. The nanopositioner used in this work is a NT-MDT
piezoelectric tube scanner with xyz capacitive displacement
sensors, 100 μm lateral range, 10 μm vertical range, and
a z-axis resonance frequency of approximately 700 Hz. A con-
servative approximation of its z-axis bandwidth [55] eval-
uates to approximately 125 Hz. As the manufacturer does
not provide noise specifications of the photo diode sensor,
a thermal noise spectrum was obtained by recording time-
domain deflection data in free-air and calculating a power
spectral density estimate using Welch’s method (not shown).
From the estimate, a noise density of 1.2 μV/

√
Hz was

calculated, which equates to approximately 720 fm/
√

Hz
using the invOLS of the fundamental mode and approximately
20 fm/

√
Hz using the invOLS of the third mode.
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Fig. 12. (a) and (b) Scan on the first eigenmode without Q control. (c) and (d) Scan on the third eigenmode with multimode Q control.
(a) Mode 1: 2-D image. (b) Mode 1: 3-D image. (c) Mode 3: 2-D image. (d) Mode 3: 3-D image.

Fig. 13. (a) Scan on the first eigenmode at 156.3 μm/s without Q control.
(b) Scan on the second eigenmode at 156.3 μm/s with multimode Q control.
(a) Mode 1: 3-D image. (b) Mode 2: 3-D image.

Fig. 14. Cross-section analysis of image obtained on first eigenmode
without Q control (−) [compare Fig. 13(a)] and of image obtained on second
eigenmode with multimode Q control ( ) [compare Fig. 13(b)].

1) Imaging of TGZ1 Calibration Grating: Scans of an
NT-MDT TGZ1 calibration grating were obtained on an
NT-MDT NTEGRA AFM. The sample has periodic features
of heights h = 21.6 ± 1.5 nm and was scanned at a speed
of 156.3 μm/s at an area of 10 μm × 10 μm with a free-air
amplitude of A0 ≈ 100 nm.

For the cantilever used in this work with a fundamental
resonance frequency of 47 kHz and a native quality factor of
Q1 = 212, the effective cantilever bandwidth according to (1)
is fc,1 ≈ 111 Hz. When imaging is performed on the funda-
mental mode without Q control, the low cantilever bandwidth
only permits a low z-axis feedback gain and therefore poor
topography tracking as can be seen in Fig. 13(a) and in the
cross-section analysis in Fig. 14. By employing multimode
Q control to completely damp the first eigenmode and
additionally lowering the Q factor of the second eigen-
mode as shown in Fig. 9, the effective cantilever bandwidth
when imaging on the second eigenmode is increased to
fc,2 ≈ 982 Hz. The imaging results are shown

in Figs. 13(b) and 14. Due to the increased effective cantilever
bandwidth, the z-axis feedback gain could be increased, which
leads to more accurate tracking of the rectangular sample
features.

2) Imaging of Monolayer Silicon Carbide: An NT-MDT
silicon carbide (SiC) calibration sample with features of mono-
layer high steps of h = 1.5 nm corresponding to the lattice
constant of the 6H-SiC crystal in the [0001] direction was
imaged. Due to the small nanometer features, the scan area
was chosen to be 2 μm × 2 μm, the scan speed was set
to 4.05 μm/s, and a small free-air amplitude of A0 ≈ 10 nm
had to be employed. The 2-D and 3-D images obtained on
the fundamental eigenmode without Q control are shown
in Fig. 12(a) and (b), respectively. After the sample tilt
was accounted for by removing a fitted plane, the observed
features appear as peaks rather than as terraces. By employing
multimode Q control to completely damp the first and second
eigenmodes in order to render the third mode dominant,
the system shown in Fig. 10 yields an effective cantilever
bandwidth of fc,3 ≈ 884 Hz. As a consequence, the z-axis
feedback gain could be increased by a factor of three, yielding
a much higher contrast, which can be observed by comparing
the 2-D and 3-D images shown in Fig. 12. Also, note that the
increased OLS (compare Section II-C) of the third mode yields
less noise for small free air amplitudes than the fundamental
mode, which can also be seen in Fig. 12. Further we note that,
when operating on the first eigenmode, a meaningful image
could be obtained only by lowering the set point amplitude
to about 40% of the free air amplitude in contrast to 88%
when the cantilever is oscillated at its third eigenmode. This
is explained from (3), which states that the tip-sample force
scales with the dynamic stiffness of the eigenmode and, as in
this case when free-air amplitudes are kept constant, allows
an increase in set point amplitude in order to maintain equal
tip-sample forces.

V. CONCLUSION

When a cantilever with integrated actuation, such as with
a bonded piezoelectric layer, is used for tapping-mode atomic
force microscopy, the transfer function from actuation voltage
to cantilever deflection shows a well-defined magnitude and
phase response. On this basis, controllers to regulate the
Q factor of individual resonant modes can be derived to
achieve excellent performance by relying on PPF. Moreover,
if collocated actuation and sensing can be achieved, these
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controllers have guaranteed stability properties compared with
the standard time-delay method to change the cantilever
quality factor. The advantage of controlling resonant modes
becomes apparent when higher flexural eigenmodes of the
microcantilever are to be used in tapping-mode AFM. Not only
do these higher eigenmodes exhibit faster transient response
times, which allows a higher z-axis feedback gain and, in
turn, improved image quality, but they also offer varying
Q factors, increased dynamic stiffnesses, and an increased
OLS in air. However, if preceding nondriven eigenmodes are
not adequately damped, imaging on higher eigenmodes may
lead to poor imaging stability. The proposed control method
can be used to heavily damp preceding eigenmodes or to
change the on-mode Q factor as desired. Therefore, a single
cantilever combined with multimode Q control can serve as a
flexible force sensor for different sample materials.

In future work, Ruppert and Moheimani [56], [57] aim
to further develop the self-sensing scheme for higher order
eigenmodes that may guarantee collocated actuation and sens-
ing and therefore guaranteed stability of PPF to control the
cantilever Q factor. Moreover, as multiple ways of bimodal
and trimodal multifrequency AFM methods [58] gain more
and more importance, the ability to control multiple eigen-
modes during such experiments can undoubtedly be of further
benefit [23].
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